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1 Abstract 

In this paper we develop a blow-up analysis for solutions of an elliptic PDE of Liouville 
type over the plane. Such solutions describe the behavior of cosmic strings (parallel in a 
given direction) for a W-boson model coupled with Einstein’s equation. We show how the 
blow-up behavior of the solutions is characterized, according to the physical parameters 
involved, by new and surprising phenomena. For example in some cases, after a suitable 
scaling, the blow-up profile of the solution is described in terms of an equations that bares 
a geometrical meaning in the context of the ” uniformization” of the Riemann sphere with 
conical singularities. 


2 Introduction 


In this paper, we focus on the blow-up analysis for soluions of a Liouville type equation 
describing the behavior of selfgravitating cosmic strings for a massive W-boson model coupled 
with Einstein’s equation, introduced in [1]. More precisely, for the model in [1], it is possible 
to use Einstein’s equation together with a suitable ansatz, in order to reduce the analysis 
of the corresponding selfgravitating cosmic string located at the origin and parallel to the 
X 3 -direction to the study of the following elliptic problem: 


\2N 




in 

< oo, 


( 2 . 1 ) 
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with a > 0 a physical parameter and G N the string’s multiplicity, see [T], [5l! and [l^ for 
details. 

For a solution u of (EU) the value, 

/3:=^/ + (2.2) 

27r J^2 \ J 

relates to the (finite) string’s energy, and our main concern will be to identify the (sharp) 
range of /3’ s for which problem (ElD-dlEl) is solvable. We mention that some existence results 
concerning (EU) are contained in 19], uni, m and un- 

Here, we shall build our investigation upon the work in |431I44| . where the authors characterize 
completely the radial solvability of (I2.1l) - (|2.2p . 

To be more specific we observe that, (as shown in m and [22| ), every solution u of (EH) and 
EH satisfies: 

- P log (|x| + 1) - C < u{x) < -/3 log (|x| + 1) + C, (2.3) 

rdrU ——/3 , d^u —>-0 as r —>■ +oo, (2.4) 


with suitable C > 0 (depending on u), and (r, ??) the polar coordinates in Thus, from 
E-ip we find that, 


/? = — /' (e'^^+ \x\‘^^ eA >max|-,2(iV + l)l. 
2vrV / [a } 


(2.5) 


1 


The two values on the right hand side of (|2.5I) coincide for a = — —j-, and in this case , the 
equation in (12.Hi acquires the following scaling invariance property: 


u(x) ux(x) := u(Xx) + 2(A^ + 1) log A = u(\x) H— log A, 

a 


( 2 . 6 ) 


for every A > 0. 

In turn, as shown in m, one can use a Pohozaev’s type inequality (in the usual way) to find 
that, for problem (|2.ip the following holds: 


if o = 


N 


l^then;!/ + =4(iV + l) -V (2.7) 

+ 1 27rV / \ aj 


1 


Furthermore, for a = ^ ^ ^ , problem EH gains an additional invariance with respect to 
involution, and such an invariance property is inherited by the corresponding solution. This 
fact is shown in UK after the approach of [l2]) together with other relevant facts about the 
solutions of EH- 

4 

To justify the nature of the values (3 = A{N + 1) and (3 = —, we recall that for the Liouville 

a 

type equation: 


-An = 


in 


I |2A^ bu ^ I 

\x\ e < +OC, 


( 2 . 8 ) 
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with N > —1 and 6 > 0, all solutions are explicitly identified and they satisfy: 


1 


/ 


|^|2iVgfen ^ ^{N + 1) ^ 


see 


. In particular: 
if 6 = 


while, 


1 , then 

1 

f \ \2N u 
/ F 6 

/r 2 

= 4(iV + l), 

(2.9) 

a and N 

= 0 , 

then — 
2 vr , 

/ e““ = -. 

/r 2 « 

( 2 . 10 ) 


1 


In fact, when 0 < a 7 ^ ^ ^ ^ , then, under either one of the scaling indicated in (|2.6I) . problem 
can be interpreted as a ’perturbation’ of 


respectively with b = a and = 0 , or 

with 5 = 1. 

Also notice that for o = 1 problem m reduces to a much studied equation in the context 
of the assigned Gauss curvature problem in In this respect, many interesting results 
have been established especially in the radial case, see for example m, m, [H], [?], M and 
references therein. 

Therefore, for problem (12.ip . the true interesting and novel case to investigate occurs when 

1 


0 < a 7 ^ 


N + 1 


and a 7 ^ 1 . 


( 2 . 11 ) 


To this purpose, we observe that if u saisfies (12.111 - (12.211 . then by virtue of (12.3p . it is possible 
to derive the following Pohozaev’s identity: 


2N [ |x|2^e“dx + 2f--l) / e““da: = 7r/3(/3-4), 
JR2 V® / 4R2 

see m for details, and as a consequence we obtain: 


( 2 . 12 ) 


1 


I 1 27V’ u 

\x\ e = 


/3(4- a/3) 


4[l-a(iV + l)] 27rU 4[1 - a(/V + 1)] ' ^ 

Therefore, from (|2.13ll we find the following additional necessary condition for the solvability 
of (iTTIl^d^: 

[3 E (min{4/a,4(iV -|- 1)} , max {4/a, 4(iV -|- 1)}) . (2-14) 


At this point, it is natural to ask whether (|2.5p and (12.1411 are also sufficient for the solvability 
of (ITTII . 

A complete answer to this question has been provided by Poliakovsky and Tarantello [43j in 
the context of radially symmetric solutions. See also [Hj where the same authors deal with 
a general class of ’cooperative’ systems of Liouville type which include (12.ip as a degenerate 
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case. In the context of Liouville systems, we mention also the related results contained in 
[H]) [E]) 13B]) [3H], [3S]) [15] and |1U|, which have motivated the work in jUj. 

From [13] and |44j we know the following; 

Theorem 2.1 (Theorem 1.1, jlS], Theorem 5.1, |11|). Let N > —1 and 0 < a 7 ^ —— 
then problem (Eii-disi) admits a radial solution if and only if: 

/I G ( max <4(iV + 1), - — 4(A1 + 1) I , - ) when 0 < a < ^ , (2.15) 

VI a ) 0 , J N + 1 

and, 

,4(A^ + 1)^ when a> ^ ^ ■ (2-16) 

Furthermore for any fd satisfying (12.1511 or (I2.16p the corresponding radial solution of (12.Ill - 
(j2.2p is unique and nondegenerate. 

□ 

By comparing (12.151) and (|2.16p with (I2.14p . we see that, 

if ^ < a - - < —- then (12.11) — (12.21) is solvable iff (12.141) holds. 12.171 

2(iV + l)“ ^iV + l“iV + l ^^ ^^ ^^ ^ ^ 

Furthermore, for N G (—1,0] all solutions of (|2.1I) are necessarily radially symmetric (see 
Theorem 1.4.1 in m), and therefore Theorem O also provides a complete answer to the 
question of solvability of in this case. 


/3 G ^max 4{N + 1) 


On the other hand for > 0, we know from [43] that (| 2 . 1 I) admits also non-radial solutions. 

Thus, it becomes an interesting issue to investigate whether or not the existence interval 

I 2 

specified in (|2.15l) or (12.161) remains ’sharp’, also for 0 < o < ^ or a > ^ ^ ^ and 

when we take into account also (possible) non radial solutions. 

To contribute in this direction, we develop a general blow-up analysis for problem m, with 
the goal to detect (as limits) the sharp bounds on the /3’s which allow for the solvability of 
problem (I2.ip - (l2.2p . beyond the radial situation. 

In this respect, we recall that the (existence) intervals specified in (I2.15P and (12.161) . have 
been identified in [33] via a blow-up argument applied to solutions of the radial ’Initial Value 
Problem’ corresponding to equation m, when the initial datum tends to +00 (blow-up) or 
to —00 (blow-down), see [33] for details. 

Furthermore, we hope that the understanding of the blow-up behaviour of solutions to ()2.1I) 
may help (via a degree argument) to hnd more general strings located at different points 
other than those treated here, which are just superimposed at the origin. 
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Thus, the main focus of this paper will be to analyse a solution sequence {uk} satisfying: 


/ 

—Auk = 6““'= + e“'' in 

V / 

such that, 

I3k as k ^ + 00 . 


(2.18) 


(2.19) 


Furthermore, to express the fact that we cannot pass to the limit along Uk, we assume the 
following, 


sup Uk —)• +00 or sup {uk + (3k log |x|) —>■ +oo, as k ^ +oo. (2.20) 

|3;|<il |a:|>R 

for some R > 0. 

Indeed, we shall see that condition ()2.2nn does imply that ’’blow-up” or ’’vanishing” occurs 
for Uk- 

We aim to prove that this situation can occur only for specific ’’limiting” values of (3°° in 
(I2.19jl . which should give an indication about the range of (3 in (12.21) for which (12.ip is solvable, 
or else about the nature of possible non-radial solutions. 

Notice that, from (j2.5p and (12.141) . we know already that /3°° must satisfy: 


> max<^ -,2{N + 1) 


and 


mm 


4(iV -Fl) ^ < ,5°° < max -,4:{N + 1) 


( 2 . 21 ) 


( 2 . 22 ) 


Clearly, the inequality ()2.21l) conhrms the fact that we need to distinguish between the cases: 


0 < a < 


1 


and a > 


1 


N + 1 N + 1 

Since the lower bounds of (3°° given in (I2.2ip and (|2.22p coincide exactly when 

1 . 2 


(2.23) 


a = 


2{N + 1) 


and 


a = 


N + 1 


we can anticipate that also those values will play a role in the bolw-up analysis discussed 
below. 


On the basis of a suitable Harnack type inequality, we obtain the following property which 
describes a typical behaviour for solutions of Liouville-type equations subject to blow-up. 
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Proposition 2.2. Let N > —1 and assume (12.lip . If {uk} is a sequence of solutions satis¬ 
fying (I2.18|) . (12.191) and (|2.2U|) . then 


either (blow-up) 


or (vanishing) 


3 Rq > 0 : supufc ^ +00 as k ^ oo, 

Br^ 


supuk —oo as k ^ oo, V i? > 0. 
Br 


We start to discuss the case: 0 < a < 
follows: 

Theorem 2.3. Let N > 0 and 0 < a < 
holds then, 


1 


iV + 1 
1 


A^ + 1 


(2.24) 

(2.25) 

□ 

, where we provide rather complete results as 
If {'>J‘k} satisfies ()2.18p . ()2.19p and if ()2.24l) 


/3°° = max 4(A^ + 1), - - 4(iV + 1) L 


(2.26) 

□ 


Clearly, (I2.26p is consistent with (|2.15l) . 


On the other hand, when (I2.25p holds we obtain: 

1 


Theorem 2.4. Let N > Q and 0 < a < 


Ar + 1 


Assume that {uk} satisfies (I2.18p . (12.191) . 


(j2.2UI) and (12.251) . then we have: 
i) //O < iV < 1 then /3°° = f 

a) //> 1 then either /3°° = ^ or fl°° takes either one of the following values: 


/3°° = - ^1 + y/l — 4am(l — a{N + 1))^ , with mGN:2<m<iV + l or m = N 1, 
“ (2.27) 


/3“=-l 1- 


2(m — 1)(1 — a{N + 1)) \ 4(m — l)ma 


o 


N 


+ 


N 


-(l-a(iV + l)) 


2 / 2(m-l)(l-a(iV + l)) 

a V N 


(2.28) 
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with mGN:2<m<l + ^ (1 — a{N + 1))^ + — (1 — <i{N + 1)^ and in this 

case a > qn (defined in (|6.83l) below). 


□ 

We refer to Theorem 16.51 for a more detailed statement. 


Remark 2.5. We suspect that it should be possible to rule out alternative (I2.28j) . in the sense 
that it can occur only for m = 1 in order to account for the value: /3°° = ^. 

On the contrary, (|2.27p seems very likely to occur for the remaining values ofm = 2,A^+1. 
Indeed the expression of in (I2.27p is smaller than ^ and it is decreasing with respect to 
m with least value at /3°° = max {4(A^ + 1)^ — 4(A^ + 1)}; attained for m = N + 1. 

Even more interestingly, we point out that, relates the blow-up behaviour of Uk to a 

"singular” Liouville equation in the plane (see (j6.63p ) that bears a geometrical meaning in 
the context of the uniformization of Riemann surfaces with conical singularities, see JWf . 
In other words, with (12.2711 we express an interesting connection between a possible blow-up 
profile of Uk and the existence of a conformal metric on the Riemann sphere with constant 
curvature equal to one and assigned conical singularities. For a detailed discussion of this 
aspect, we refer to the proof of Theorem \6.5[ in Sction 5. By the well known uniqueness and 
non deaeneracv vroverties of solutions of (I6.63p. see and the advanced "perturbation" 
techniques available in literature (see e.g. l^and it should he possible 

to exhibit explicit examples of solution sequences of (|2.18ll . ()2.19l) which satisfies (|2.20p and 
whose blow-up behaviour is characterised by ()2.27ll . 


In case a > —- 

N + 1 


we prove the following: 


Theorem 2.6. Let N > and < a < 1. If {uk} satisfies (I2.18p . (|2.19p and (12.2011 and 
if (j2.25p holds, then we have: 


/3°° = 4{N -II). (2.29) 

□ 

Alternatively, when blow-up occurs, in the sense that (|2.24p holds, we prove the following: 

Theorem 2.7. Let N > 0 and < a < 1. Assume that {uk} satisfies (j2.18p . (|2.19p and 
(j2.24p . then we have: 

i) //O < iV < 1 then /3°° = f 

a) If N >1 and < a / 1 < then ^ or it satisfies one of the following : 
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(2.30) 


=“ + Vl - 4am(l - a{N + 1))^ , with a G 


and m^N: 2<m<N + l 




m 


i=i 



/3°°(4Ar - (1 - a)/3°°) 
a(iV + l) -1 


with 13j G 



max 13 j > — and mGN:2<m<iV + l — max 
j=l,...,m a 



1 - 2a] 

2 a J 


(2.31) 


In particular, the value (3°° = 4(A^ + 1) can he attained only z/iV G N and m = N + 1 in 
(j2.3np (when a G (O, ) or in (j2.3ip (when a > ^). 

in) if N > 1 and < a < 1 then /3°° > 2{N +1) and P°° is given by either one of (12.301) 
and (j2.31l) or it satisfies: 


2(N+ 1) < I3°° <i(N + 1) (2.32) 

a 

□ 

We observe that, if G (0,1) and 0 < a / < 1 then the values of (3°° as given above, 

identify exactly the end points of the (sharp) interval range of j3 for the radial solvability of 
m, as specified in Theorem 12. 11 Thus in this case, it is reasonable to expect that actually 
Uk is itself radially symmetric (for large k). The issue of radial symmetry for solutions of 
(mi) has been addressed in [50], where in particular (by following |5]), it is shown that also 
for = 1 we have: 13°° = -. 

^ a 

Remark 2.8. As already mentioned, the value (3°° in (|2.30p arises in connection with the 
existence of a conformal metric on the Riemann sphere with constant curvature equal to one 
and assigned conical singularities. But in this case, one of the conical angle is larger than 
2 tt, and in view of the work in m, m, IE ’« m, m, this feature may 

induce geometrical obstructions such to prevent the accurance of (I2.30p . On the contrary in 
Section 6 we give an explicit example of a solution sequence that admits the blow-up behaviour 
described in (|2.31|) . Furthermore, in the given example, all the (3j’s coincide and are explicitly 
identified, and we suspect that this is the only possible instance which gives rise to (12.310 

Finally, concerning the case a > 1, we face a much more delicate situation whose detailed 
analysis requires further investigation to be pursued in the future. For the moment we point 
out the following: 
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Theorem 2.9. Let N > 0 and a > 1. Assume that {uk} satisfies (j2.18p . ()2.19l) and ()2.24l] . 
then we have: 

i) If 0 < N < 1 and 1 < a < then (3°° = 

ii) //a > max |l, then (|2.32p holds. 

□ 

Even more intricate is the case when a > 1 and ()2.25p holds, where we have: 

Theorem 2.10. Let N > 0 and a > 1. Assume that {uk} satisfies ()2.18p . (I2.19p . (|2.2np and 
(I2.25p . then we have: 

i) IfO<N<l and 1 < a < then /3°° = ^ or /3°° = 4(A^ + 1). 

ii) If a > max|l, ]v^| Ihen (3°° = 4(A^ + 1) or satisfies (|2.32p unless it takes one of 
the following values: 


13 °° = 2 I + 1 + A / {N + 1)2 4 —^(1 — a{N + 1)) ) , with m G N and o > 2; (2.33) 


satisfies (I2.3ip with fij G 


i4 

a 


, max fij > 2 and 2 < m < a(A^+l)—max 0,- 


□ 


Remark 2 . 11 . Again we observe that, (12.331) occurs in connection with the existence of a 
conformal Riemann sphere with conical singularities and constant curvature equal to one. In 
view of the comments in R.em,ark \2.5\ we suspect that actually (I2.33p can occur only form = 1, 
in account of the value: /3°° = 4(A^ + 1 ) — 

In connection with Bemark l2.111 or more generally with the condition ()2.32l) . we recall that 
a radial solution u of ( 12 .ip satisfies the necessary conditions: 


<4(iV + l) and <-, 

27r j]R 2 27r 7^2 a 

see [H]. 

Therefore, for radial Uk we can use (12.131) together with (|2.34l) and obtain. 


(2.34) 


I3°° > ^ - 4(iV + 1) for 0 < a < ^(jv+i) 
> 4 (Ar + 1 ) _ 1 for a > 


(2.35) 
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Consequently, for radial Uk, the condition (I2.32p just turns into the following identity: /3°° = 
4 

4(A^ + 1)-, and similarly we check that indeed (12.331) can hold only with m = 1. 

a 

Consistently, we point out that, the other alternatives for indicated above do occur in 
account of the (possible) non-radial features of Uk- 

Remark 2.12. It is an interesting open problem to see whether (12.341) remains valid also for 
non-radial solutions. If so, one obtains (as for radial solutions) that the statements of the 
results above should be improved accordingly. 


Next, we proceed to interpret the above results in terms of blow-up sets. To this purpose, 
for a solution of (j2.18p . we define (via Kelvin transformation) the function: 

Uk{x) := Uk j^- 

By virtue of (|2.3I) . Uk is well defined in and satisfies: 

1 -- 1 


-Aui. = 


1 


\2(N+2)-h 




|4-a/3i. 


gonfe =■ in 


1 


o^k 


1 


„a.Uk _ 


1 


2vr j ^2 I |3,|2(iV+2)-/3fc 


i4-a/3fe 


= 7^/ (|xr^e“'= + e“ 

27r ./TCP 


(2.36) 


= fdk- 


By using the standard definition of blow-up point, as given by Brezis-Merle in (see Defi¬ 
nition [TT] below), we may consider the (possibly empty) blow-up set of {uk}, and denote it 
by S. Analogously, we denote by S the (possibly empty) blow-up set of {uk}. 


Remark 2.13. The condition (I2.20p simply states that, 

SUS^^, 


(2.37) 


and in particular it implies that, if S = id then S = {0}. Notice also that if zq £ S and zq ^ 0 

then — ^ G S 

\zo\ 

We point out that in order to develop a blow-up analysis for problem (|2.36l) around the origin 
(in the spirit of 0 , 0 , m and 0) one needs to require that: 


> max 


‘-,2{N + l) 


In account of (j2.2ip . we shall indicate in Lemma 14.211 how to deal with the situation where 
/3 = max{f,2(iV + l)}. 


Furthermore, if 0 < a < 1 then we shall show that in most cases we have: S = {0} and/or 
S = {0}. But for a > 1, this should not be expected any longer, since now the first term in 
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the right hand side of (j2.18p overpowers the second one, and so the role of the origin becomes 
irrelevant. 


More precisely, we establish the following: 

Theorem 2.14. Let N > 0 and assume (|2.11l) . Suppose that satisfies (|2.18l) . (12.191) and 
its blow-up set S We have: 

i) for 0 < a < 1 then for S one of the following alternatives holds : 

• 5 = { 0 }. 

• G N and S is formed by the vertices of a {N + l)-regular polygon, namely in 
complex notation: S = {zi, ..., ^at+i} C \ {0}, with 

k = l,...,N + l, (2.38) 

and (,0 = 

2 

• In case 0 G 5 and S \ {0} 0 then N>2, — <a<l and fi°° = 2{N + 1 + m), 

where m is the number of points in S\ {0} and it satisfies: l<m<N + l — In 
particular, 2{N + 1) < (3°° < 4(A^ + 1) — in this case. 

ii) For a > I then S = {zq}, for some zq G M^. 

□ 

To understand the nature of alternative (j2.38l) . one should compare it with the blow-up be¬ 
haviour exhibited by solutions of (|2.8I) and described in Remark 13. II below. Thus, alternative 
(j2.38p indicates the possibility that an analogous blow-up behaviour could be attained also 
by solutions of (1^ . 


In addition we have: 


Proposition 2.15. Let N > 0 and assume ()2.1ip . If Uk satisfies ()2.18p . ()2.19l) and ()2.2ni) 
we have: 


i) for 0 < a < 


1 


2(iV + l) 


or a > max < 1 


N + l 


, then necessarily 0 G 5. 


ii) for 


1 


2(iV + l) 


12 

< a — - < —- and S' 7 ^ 0 then 0 ^ S. 

^ N + l iV-hl 


□ 

We conclude with the observation that the blow-up analysis for solutions of (I2.18p . becomes 
most delicate when we deal with the situation described in part i) of Proposition 12.151 
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This paper is organised as follows, in Section 3 we introduce some general tools useful for 
the blow-up analysis developed in Section 4 and 5. In particular, in Section 5 we investigate 
the nature of the blow-up sets S and S . The remaining Sections 6, 7, and 8 are devoted to 
establish the results stated above respectively in the cases: 0 < a < < a < 1 and 

a > 1. 

Acknowledgement: We wish to express our gratitude to Roberto Tauraso and Carlo Pagano 
for their insight in the proof of Theorem 15.81 


3 Useful facts 


As well known (see [22], [23|, |42] and also m), for 6 > 0 and iV > — 1 every solution of the 
following problem: 


-Aw = inM^ 

f < -|-oo. 


takes (in complex notations) the form: 


w{z) = log 


1 l/b 


8(A + 1)V 


b(^l + fj, 


where ^ > 0, c G C and c = 0 when iV ^ N U {0} . 
In particular we have, 


(3.1) 


(3.2) 


J-f |xre^- = ^(^ + l) . (3.3) 

Remark 3.1. When A G N, we see that the solution w = given in with c 0 , is 

not radially symmetric and aetually it ’concentrates’ exaetly at the {N + 1) —roots 0 /c G C 
as yi ^ -|-oo. We should keep this fact in mind in order to justify the statement (i) in 
Theorem Ea established in the sequel. 


For the more general Liouville type equation: 



e“ in 

-b \x\^^ dx < 00 


(3.4) 


a classification results of the type ()3.2p is not available, however analogous qualitative infor¬ 
mations about the solution are available as follows. 
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Proposition 3.2. Let u be a solution of (13.41) with 

13 = ^ [ (e^^+ \x\‘^^ e^)dx. 

Jr2 V / 

Then the following estimates hold: 

(^) 

— /31og(|x| + 1) — C < u{x) < —/31og(|x| + 1) + C 
with a suitable constant C = C{a, /3,u{0), N) > 0, and 

rur —/? and —)• 0 as r ^ +oo, 

with (r, 1 ?) the polar coordinates in 
In particular, 

/3 > max |2(A^ + 1), ■ 

(ii) Green’s representation formula: for any x,x £ 


(a) 

(b) 


u{x) - u{x) = ^ [ log r^ 
2vr7R2 Vk-y| 


-yr 


(3.5) 


in R^ 

(3.6) 


(3.7) 


(3.8) 


(3.9) 


(3.10) 

□ 


The above results follow as in [22], and details may be found in m or [32]. 

We also mention the following useful local identity of Pohozaev’s type: 

Theorem 3.3 (Pohozaev’s identity). Let N > —1 and u be a solution of (|3.4p . Then for 
any r > 0 the following identity holds: 

. f (^ 


IdBr 


— [v ■ VuY da 


- e““dc7 + r2^+M e^da-- 

O JdBr JdBr ® JBr 


- 


2(A^ + 1) [ 
J B, 


(3.11) 


I 1 2N u 

\x\ e 


with V is the outward normal vector to dBr 


□ 

Identity ()3.1ip follows in the usual way, and it has been derived in |llj in case iV > 0, while 
in [32] it has been shown how to extend it for the more general case N > —1. 

Actually the asymptotic estimates (13.61) and (|3.7D allow one to pass to the limit in (|3.11l) as 
r —>■ oo and obtain: 
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Corollary 3.4. Let u be a solution of ()3.4p with /3 = + Ixl^'^e^V Then 

2N [ \xf^e^dx + 2(--l] [ e““dx = 7r^(/3-4). 

JR2 V® / ./r2 

/n particular, 


(3.12) 


(3.13) 

□ 

Remark 3.5. From (j3.12p it follows that, for a ^ a necessary condition for the solv¬ 
ability of (I3ai)-(I33D is given by: 


if a ^ 


1 


+ 1 


if a = 


, then 
and 

1 

1V + 1’ 


1 

1 


/ 


I 1 2N u 

a: e = 


/3(4 - a/3) 


= 


4[l-a(/V + l)] 
a/3(/3 - 4(A^ + 1)) 
4[1 -a(iV + l)] 


i/ien /3 = 4(A^ + 1)(=-). 

a 


min |4(A^ + 1), — j < /3 < max |4(A^ + 1), 
which must hold together with dSSD. Since (|3.14p implies (13.81) exactly when 

1 .1 2 


< a ^ 


< 


(3.14) 


(3.15) 


2(A^ + 1) - A^ + i- iv + r 
from Theorem 1.1 (see UE’ M)’ we know that when (13.151) holds, then (13.141) gives a 
necessary and sufficient condition for the solvability of (1331)-([33]). 


4 Local blow-up analysis 

As discussed above, we shall assume that, 

N > —1, 0 < a 7 ^ —-and a 1. 

^ N + l ^ 

unless is otherwise specified. 

Let Uk satisfy: 

/ 

-Auk = + \x\^^e^^ =: fu 

(e^^>^ + \x\^^e^Adx. 

, 4R2 ^ 2 

SO that from ()3.8p and ()3.14l) we have. 


(4.1) 


(4.2) 
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/3fc > max 2(A^ + 1)| and min | , 4(A^ + 1)| << max | —, 4(A^ + 1) ^ . 
Therefore, by taking a subsequence if necessary, we can always suppose that. 


Pk ■= ^ as k ^ +00, 


(4.3) 


with 


/3 > max 2(A^ + 1)| and min •|-,4(A^ + 1)| </3 < max |-,4(A^ + 1) )■ . 
Furthermore, from (|3.12p we also know that. 


(4.4) 


lim 

k^oo 


-f 

27r Jrs 




and lim 

4[1 — (l(^N 1)] k^oo 


-f 

Jr' 




4[1 - a(N + 1)] 


As in [7], we give the following notion of blow-up point: 


Definition 4.1. A point xq is called a blow-up point for Uk if there exists a sequence {xk} C 
Xk —>■ xq and Uk{xk) +oo. 

Proposition 4.2. Ifuk satisfies (14.21) . (14.3p . then its blow-up set S may contain only a finite 
number of points. Furthermore, for every xq G S, 


Bixn) := lim lim inf [ — 

r—>0 fc—>+oo \ 27r 


’Br{xo) 


fk{x)dx > min 2{N + 1), - L 


(4.6) 


with N = min{0, A^}. In particular, for N > 0 we have: B{xq) > ,pax{a i} 

In order to establish (14.6p we recall the following well known fact established hrst in [7] (see 
e.g. Lemma 5.2.1 of [l9]), which here we state in a form suitable for our purposes: 


Lemma 4.3. Let Q C 


be a bounded open set and let Uk satisfy: 


-Auk = fk^ L^{n) 

limsup (||?r^||Li(n) + ll/fc||Li(o)) < +oo 

/c—>-oo 


(4.7) 


For every. 


0 <P < ( ^limsup||/fe||i,i(Q) 
. k^oo 


-1 


there exists a constant Cp > 0 such that: 


I 

Jn 


6 ?’“'= < Cp 
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□ 


Remark 4.4. In order to use Lemma \4.3\ for Uk satisfying (14.2p (or for Uk defined in (|4.28l) 
below), we point out that, if the following condition holds: 

with q > 0, a > 0, > 0 and Cq > 0; then we may derive that, ||if^||Li(n) < C, with a 

suitable constant C > 0, (see the estimate (5.3.6.) in m)- 

Actually the above condition will be useful also for ’’scaled” versions ofuk- 


Proof: (of Proposition 14.211 To establish (14.61) . we observe that, if 12 C and fk ■= + 

satisfy: 

limsup— / fk{x)dx<mm 
/c—^-H-oo ^TT Jq 

then, on the basis of Remark 14.41 we can apply Lemma 14.31 to Uk in fl. Thus we obtain that, 
fk is uniformly bounded in LP(12), for suitable p > 1, and by standard elliptic regularity 
theory, we conclude that u'^ is uniformly bounded in Therefore 12 cannot contain 

any blow-up point of Uk in this case. Consequently, for xq G 5" then necessarily (14.60 must 
hold, and in view of (14.31) . the set S must be hnite. □ 

We show next how to improve (j4.6l) on the basis of a suitable Alexandrov Bol’s inequality 
(see [2], Theorem 6.4 in [47] 1. which in particular implies the following: 




Theorem 4.5. Let 12 C be a bounded domain with smooth boundary 912. If p & (7^(12) n 
(7*^(12) satisfies 

— Alogp < p in 12, (4.8) 

and S := / p{x)dx < Svr, then we have: 


max p < 1-max p. 

- ' Svr y an ^ 


(4.9) 


See [17] for a proof. 


Proposition 4.6. Suppose that {uk} sastifies with N > 1. If xq G S then for f3{xo) 

in (j4.6|) there holds: 


fi{xo) > 


4 

max {1, a} 


(4.10) 


The estimate (|4.10p will be a consequence of the following lemma which is of independent 
interest. 
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Lemma 4.7. Under the assumption of Proposition ^^ letrjk = max{l, a} 
then 


- Alogrik < r]k. 


Proof: Set, 


and 


so that 


Vk{x) = 


4(x) := Uk{x) + - log (1 + Vk{x)), 


- Aufc = (l + I4(x))e““'= =e“«'=. 

In order to compute we observe that, 

AVkix) \VVk{x)f 


Alog(l + I4(x)) = 


1 + I4(x) (1 +VA;(x)) 


2 ’ 


and 


AI4 = (1 - a)Vk{x)Auk + 


\yVk{x)[ 

Vk{x) 


Using (|4.16l) in (14.151) we get: 




1 + ykix) 

Therefore from (|4.13p and (I4.17p we obtain, 

a + Vk{x) 


Ufc(x)(l + Ufc(x)r 


-Afk = -Auk 


|VI4(x)p 


a(l + Ufc(x))y aUfc(x)(l + Ufc(x))' 


< e“ 


ait, ( a + yk{x) 


m 


a{l + I4(x))y ’ 

Observe that, in case a G (0,1], then from (14.181) we find, 

a VI + Vk{x) J a 

Consequently, in this case we have: rjk := 6°“^^ and it satisfies: 

- Alog?7fc < pk, 

and (|4.11l) is established. 


(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 
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On the other hand, for a > 1, the previous computations yields to, 


-ACfc < 


1 + U(i) ) 




and the desired conclusion follows for rjk = □ 

Proof of Proposition 14.61 For 0 < a < 1 we can apply Theorem 14.51 to rjk in Bs{xo) with 
xq G S and 5 > 0 sufficiently small, so that S H ^^(xo) = {xq}. Hence, maxg 5 ^( 3 ,g) Uk < C 
and as a consequence, rj^ < C. Thus if by contradiction we suppose that, 

lim sup ^ [ r?fc < 4, 

fc—>+00 JBs { xo ) 

then from (14.91) we would find that rjk < C, in contradiction with the fact that 

Xq G S. 

Hence /3(xo) > 4, and (14.101) is established for a G (0,1]. 

For a > 1, the argument above applies to % = and it yields to the following: 


a/3(xo) := lim liminf— / >4. 

5^0+ fc^+00 2 tT JBsixo) 

and so (I4.10p is established also for a > 1. □ 

Remark 4.8. Actually, by using a sharper version of Theorem \4-5\ where (14.811 is assumed 
only in the sense of distributions, it is possible to obtain an analogous improvement of dMl) 
for any N > —1. We refer to for details. 

Next, we establish uniform estimates for Uk, away from the blow-up set. 

Proposition 4.9. Let {u^} be a sequence of solution for (14.2p . (|4.3p . and let S (possibly 
empty) be its blow-up set. For any compact set K <Z'M?‘\S there exists C = C{K) > 0 such 
that, 

maxttfc — nnnrtfc < C. (4-21) 

Proof: We shall discuss the more delicate case where 5* 7 ^ 0, since for 5 = 0 then (I4.2ip follows 
by similar yet simpler arguments. For a compact set iF C \ 5, let <5 = dist {K, S) > 0, and 
set. 


A/^ = A4(5) = |x G : dist (x, 5) < ^| . 

Furthermore, we take R > 6 large enough, so that: K Uj\fs C Br and for x,x G K we use 
(j3.9p to estimate: 


\ukix) - Ukix)\ < 


Af .... 


2-k 


'Ns 


t,L 


-f 

2vr Jr: 


log 


|x -y\ 


\x -y\ 


... + L 

B2r\Ns , 


'{\x\>2R} 


fk{y)dy < 

= : h,k + l2,k + h,k- 


(4.22) 
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Since for y G Ms we have: 


log 


k - y\ 


k - y\ 


< log —, 


we find, 


h,k ■— 


1 


'^s 


log 


\x-y\ 


k - y\ 


fk{y)dy < log 


T 


fk{y)dy < C. 


Here and in the following C > 0 denotes a constant whose value may change from line to 
line, but is always independent of the specific points x and x. 

For the second integral we note that fk<C and so: 


l2,k '■ = 


1 


27r 

.c( 

<c( 


B2R 


log 


\x - y\ 


iBiix) 


x-y\ 

Jb,(x) Je 


fk{y)dy <C [ 

JE 


B2r\JJs 


log 


\x - y\ 


\x - y\ 


dy 


B2r\{Bi{x)UBi{x)) 


l\x-y\<l 


log 


k - y\ 


dy + 




log TZT 


\x - y\ 


dy + R^{logR + l) < C. 


(4.23) 


Finally, since for any \y\ > 2R and x,x ^ K C. Br we have: 

|x - y\ 


log 


and we see that, 


Mk ■= 

and (|4.2ip follows. 


27r 


'\y\>2R 


log 


x-y\ 

\x-y\ 

\x - y\ 


< log 4, 


fk{y)dy < 


log 4 r 
27r J\x\>2R 


fk<C. 


(4.24) 

□ 


To account for the blow-up behavior of near a given blow-up point, we start to recall the 
blow-up analysis which is available in [3 El [Mill! for a sequence of solutions {uk} satisfying: 

—Auk = 1x1^“* + CTk in H, 

< [ < C, (4.25) 

Jn 

maxrti. — mintti, < C, 

an an 

where H C is a regular open and bounded domain, and 


(Xk —^ O ^ —1. 


(4.26) 


In this context, we have: 
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Proposition 4.10. Let {uk} be a sequence of solutions for (j4.25p . so that ()4.26l] holds. 
Suppose that, 


(Tfc G L^{Q) and ||o'fc|| 2 ,p(o) < C for some p > 1‘, 

Uk € C°’^(r2) and 0 < ai < Uk{x) < 02 , \VUk{x)\ < A,\/x ^ Ll. 

Then along a subsequence (denoted the same way) only one of the following alternatives hold: 

(i) {uk} is uniformly bounded in 

(a) supufc — >■ — 00 , for every Ll' CC 0,; 

O' 

(Hi) there exists a finite set S = {zi,Zm} C of blow-up points such that, 

(a) supufc —>■ — 00 , for every Ll' CC Q \ S, 

O' 

m 

(h) ^ ^ weakly in the sense of measures in Ll, 

i=i 

with (3{zj) = 1 if Zj 0 and (d{zj) = |(1 + a) if Zj = 0, for some j G {1, 

Proof: See [7], [1], [15], |55|. □ 

Remark 4.11. By a direct inspection of the proof in m (see also (I4.51|) below), it is possible 
to weaken the given assumption about VUk around the origin as follows: Uk G (0 \ {0}), 
\VUk{x)\ is uniformly bounded in L?° (fl \ {0}) and lim lim sup \x ■ VUk\ = 0. 

r-i-O k—>-+oo 

In particular the result above applies to a solutions sequence Uk satisfying (sm and 
with a = 1 and N > —1. For this reason, in the following we may focus only to the case 
where 0 < a / 1. 

Corollary 4.12. Let {uk} satisfy (|4.2p . (|4.3p and assume o. Then Proposition \4-10\ 
applies to Uk considered on every open bounded set 12 C \ {0}, or when Ll = Br, r > 0 
and, a G ^0,minjl, U ^maxjl, ,+ 00 ^. 

Furthermore, property (b) holds with I3{zj) = 4{N + 1), when 0 < a < min|l,-^^^| and 
Zj = 0, and with I3{zj) = n\ > ^ l^be other cases. 

Proof: We only check the case > 0, as the case — 1 < <0 follows in analogous way. 

If 0 < a < 1 and 12 C \ {0} then we easily check that we can apply Proposition 14.101 with 
b = 1, Uk ^ 1, Oik = H and o'k = We show next that the same holds for kl = B^ and 

0 < a < Indeed, we only need to check that is uniformly bounded in LP{Ll) for a 

suitable exponent p > 1. To this purpose we take 1 < p < ^{N+i) ’ Holder inequality 

to estimate: 
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(4.27) 



Similarly, if a > 1 then we check that Proposition 14.101 applies for any bounded set C , 

2iN 

with 5 = a, t/fc = 1, afc = 0 and Ufc = |x| e“'=. 


By virtue of Corollary 14.121 (see also Remark 14.111) it remains to investigate the blow¬ 
up behavior of Uk only when blow-up occurs at the origin , and min|l,j^^| < a < 

maxjl, / 0 . 

As we shall see, a blow-up at the origin is the must likely situation to occur when 5 7 ^ 0. 
and 0 < a < 1 


In order to account also for the behavior of Uk at 00 , we use the Kelvin transform and define: 

(4.28) 

Observe that Uk extends smoothly at the origin, (see estimate (j3.6l) b and satisfies: 


Uk{x) = Uk ( + /3fclog|^. 


-Auk = 


| 

1 u. 1 

e * + 






= fk in 




1 


K2 \ lx 


A-ajSk 


= 7r/ (l^r e“'=+e‘^ 
2 vr Im 


= Pk- 


(4.29) 


As above, we define the blow-up set S for Uk as given by 

S = {xo : 3 Xfc ^ xo and u{xk) + 00 } . 
Clearly S is also finite, and we have: 


(4.30) 


xq £ S and xq 7 ^^ 0 ^ G S. (4-31) 

kol 

Obviously, Proposition 14.91 applies to Uk in any domain 0 C \ {0}. Thus, in practice we 
are left to investigate the blow-up behavior for Uk and Uk only when it occurs at the origin. 
To this purpose, by arguing for iik as in Corollary 14.121 we already know the following: 

Corollary 4.13. Let 0 7 ^= A" > —1 and min |l, 77 ^} < n < niax |l, 77 ^} ■ V ^k ^ (14.281) 
admits a blow-up point at the origin and (3 > max{ 2 (A + 1), then for 6 > 0 sufficiently 
small, 

1 ~ 

—fk /?oo^o weakly in the sense of measures in Bs, 

2tt 

with /3oo = 2/3 — 4max {A + 1, 4|. 
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Proof: We shall prove that, if > 0 and < a < 1, then Proposition 14.101 applies to 
Uk with [/fc = 1, 6 = 1, Ofc = ^ - (iV + 2) I - (iV + 2) > -1 and ak = While 

for —1 < < 0 and 1 < a < then the Proposition 14.101 applies with C/^ = 1, 6 = a, 
Ofc = —(2 — §/3fc) —(2 — |/3) > —1 and ak = . 2 {n+ 2 )-i 3 v. ■ We discuss the first case only as 
the second one follows similarly. Indeed, for r > 0 and 


q = 


^ J 2-a(Ar+l) 


1 


7V+T 
for a > 


< a < 
2 


7V+2’ 


we take 1 < p < q and use Holder inequality to estimate 


2 

7V+2’ 




L 


iBr \ \X\- 

for suitable C > 0. 


-Pk 


< 


|^|/3,-2(iV+2) 



Remark 4.14. Notice that the assumption: /3 > max 2(Ai + 1)| in Corollary \4-l‘J is 
rather "natural" within the framework of the blow-up analysis developped in On 

the other hand, from (BaD, we can guarantee such assumption only when 2 {n+i) < o 7^ 77 ^ ^ 
■ While in the other eases we can only ensure that: (3 > max{^,2(A^ + 1)}. However, 
we shall show in Lemma 4-21 how to handle the situation where, fd = max|^,2(A^ + 1)}. 
Actually, for 0 < o < we show that /? = f can occur only for a = 2 (n+i) > Lemma 


In the remaining cases not covered by Corollary 14.121 and Corollary 14.131 we shall describe 
the blow-up behavior for Uk or Uk around the origin, by considering the following general 
problem: 


—Auk = Uk{x)e^*^ =: gu in Cl 

^ t/ 

supplemented by the condition; 


(4.33) 


maxufc — minufc < C, (4.34) 

do. dO> 

with H C a regular open bounded domain. As for problem (I4.25j> . we assume: 

Vk,Uk £ (^^’^(H) : 0 < oi < Vk{x) <bi, 0 < 02 < Uk{x) <62 Vx € H, (4.35) 

\VVk\ + \VUk\ < A in H, (4.36) 
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and 


CKfc,! ai > —1 and ak ^2 (y- 2 > —1- (4.37) 

By a direct extension of the arguments in [6], we establish the following: 


Proposition 4.15. Let {uk\ satisfy (|4.33l) and (14.3411 with Ll = and assume (14.351) . ()4.36l) 
and (I4.37P . // 0 < a / alXi ’ origin is the only blow-up point for Uk in Bs then, 

along a subsequence, the following holds: 


i^dk ^ weakly in the sense of measures in B^, 
with /3o = /3o,i + /3 o,2 such that: 


/3o 1 := lim lim — 

’ r—>-0 fc—>+oo 2,Tr 




a/3o(/^o — 4:(a2 + 1)) 


Br 


1 f 

Po 2 ■= lim lim — / 
r^O fe—>-+oo 27r J 


4((q:i + 1) — 0(02 + 1)) 

|^|2«fc,2 — /^o(^(o^i + 1) — Q/^o) 


Br 


4((ai + 1) - 0(02 + 1)) 


In particular. 


and 


maxuk —>■ — 00 , \/K CC Bs \ {0} , 


mm 


m 

I « 


, 4(02 + 1) f < /3o < max 


| 4(ai + 1) 


,4(02 + 1) ^ • 


(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 


Proof: 

According to the given assumptions, there exists a finite measure /i in Bs such that, along a 
subsequence, the following holds: 

^ 7* weakly in the sense of measures in Bs- (4.43) 

Since, away from the origin, the sequence Uk is uniformly bounded from above, by means of 
elliptic estimates we see that. 


jjL = 27r/3o(fo + ‘h, with 4> G L^{Bs), 


(4.44) 


and 


/3o = lini lim ^ / gk{x)dx. 

r^O k^+00 ZTT J 

Furthermore, as in Proposition 14.21 we easily check that necessarily, 

2(1 + 0 ^) 


/3o > min 


, 2(1 + 02 ) ^ , 


(4.45) 


(4.46) 
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with Uj = mm{0, aj], j = 1, 2. 

To check that actually we have $ = 0 in (I4.44p . we define: 


'^k: 

dBs 


satisfying: 


(4.47) 


-A(pk = Qk in Bs, 

0 ^k ^ C on dBs, 

with suitable C > 0. Therefore, we can use Green’s representation formula for ipk, and 
standard elliptic estimates, to check that along a subsequence, the following holds: 


1 


LPk^ = /3olog-p-r + Ip uniformly in Ci^ci^s \ {0}), 


(4.48) 


with p a smooth function in Bs- 
In particular. 


X 


Vuk = Vifk -^Vip = -/ 3 o —2 + 




(4.49) 


uniformly in Cl^^{Bs \ {0}). 

Analogously to (13.lip , for the solution Uk of (|4.33l) the following (local) Pohozaev’s identity 
can be established in the usual way : 


■/ 

JdBr 


2 / ® JdBr 


Vfc(x)e““''dfT + r [ t/fc(x)e“''da 

JdBr 


Pfc(x)e““'= - 2{ak,2 + 1) / (7fc(x)e“'= 

n J Br J Br 

-[ (x-VVfc)|x|^“''’ie““''- / (x • V17fc) |xp"'“-2 for 0 < r < ,5. 

n JBr JBr 


From p4.35p . p4.36p . we see that. 


(x • VVfc) |x|^"''-i 


' Br 


< Cr and 


[ (X- V[/fc)|x|^“'“-2gnfc 

J Br 


< Cr 


(4.50) 


(4.51) 


with a suitable constant G > 0. Therefore, by using (I4.49p and p4.5ip . along a subsequence, 
we can pass to the limit in (|4.5UI) and obtain: 


Vfc(x)e““'=cicj + r [ |x|^“'=’2 Gfc(x)e“'=dfT 

JdBr 


lim lim ( — / 

r->-0 fc->-+oo \ a 

= —tt/^q H-^ -^/3o,i + 47r(a2 + l)/3o,2) 


(4.52) 
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with /3o,i and /3o,2 defined in (14.39^ and (j4.40p respectively. 

CLAIM: 

inf Uk = inf Uk —)• —oo (4.53) 

Bs dBg 

To establish (j4.53D . we argue by contradiction and assume that inf Uk > —M. Then, by using 

dBr 

(I4.48P and Fatou’s Lemma, we obtain: 


C > lim sup 

fc—>- + 00 





Vkix) 



> Cm limsup f > C [ e^, 

/c—)-+00 J Br j Br 

(4.54) 


and consequently. 


0 < /3o < 


2(1+ «i) 

a 


(4.55) 


Similarly, we check that, 


0 ^ /^o < 2(1 + 0 : 2 ). 


(4.56) 


If aj < 0 for every j = 1,2, then (14.551) and (14.560 would already contradict (I4.46p . On the 
other hand, if aj > 0 for some j = 1, 2, then from (j4.55p . ()4.56l) we see that. 


and 


Thus, from (14.521) . we find: 


lim lim ( 

^ r 

f 

r—>-0 fc—>-+cx> \ 

J 

dBr 

lim lim 


f 


V J 

dBr 

find: 



/3§ + 


Vfc(a;)e““''dc7) = 0, 
/ 


|2afc,2 


/3o,i + 4(0:2 + 1)/3o,2 = 0, 


with /3o = /3o,i + /3o,2- 

But, in case 02 + 1 > , then from (|4.59p we get 


/3o ( /3o - 1 = 4 


(02 + 1) - 


Ol + 1 


/3o,2 > 0, 


(4.57) 

(4.58) 

(4.59) 


(4.60) 


that implies /3o > in contradiction to (I4.55p . 

Similarly, in case 02 + 1 < , then (|4.59l) implies: 


/3o (/3o — 4(02 + 1)) = 4 


Ol + 1 

a 


(02 + 1) 


/3o,i > 0, 


(4.61) 


in contradiction to (j4.56p . So ()4.53p is established in any case. 

Thus, from (|4.48l) we get in particular that (j4.44p holds with = 0, and also (|4.38p and 
(|4.4ip are satisfied. In addition, (j4.53p allows us to check that ()4.57p and ()4.58l) continue to 
hold, and consequently we can still guarantee the validity of (I4.59p . 

At this point, (|4.39p and (|4.40n can be easily deduced. □ 
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Remark 4.16. It follows from the arguments above, that the assumption (j4.36p can be relaxed 
around the origin, as pointed out in Remark \4.11\ 

By combining the results above, for problem (14.21) we have: 


Corollary 4.17. Assume (j4.ip . (14.3p and let {uk} satisfy (|4.2p . If zero is a blow-up point 
for {uk}, then (up to a subsequence) and for 5 > 0 sufficiently small the following holds: 


weakly in the sense of measure in Bs, 

with Pq = /3o,i + /3 o,2; where 


4[l-a(7V + l)] 


and 


In particular. 


and 


Furthermore, 


lim FI _-A [A - 4(iV + Dl 

r—>0 fc—4+00 27r J 

1 f 

Po 2 := lim lim — / 
r->Ofc->+oo 27r 




Po [4 - aPo] 

4 [1 - a(iV + 1)]' 


min < 4(A^ + 1) f < /3o < max < 4(A^ + 1) > , 


nmxufc —>■ —oo, VK CC Bg \ {0} , as k ^ +oo 


if 0 < a < min < 1, 


1 




and 


as k ^ oo. 


if a > max < 1 


iV + 1 J ’ 
1 


iV + 1 j ’ 


then Po = 4(A^ + 1) and / 

then Po = - and [ ^ 0 

a Jbs 


0 ; 


(4.62) 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

(4.67) 


□ 


Remark 4.18. Observe that for N > 0, the conclusion (I4.67p holds also for o = 1. 


Concerning the sequence Uk defined in (14.281) we find: 

Corollary 4.19. Assume (BU and (j4.3p and let Uk satisfy (j4.29p . If P > max{|, 2(A^ + 1)} 
and zero is a blow-up point for {uk} then, for 5 > 0 sufficiently small, the following holds 
(along a subsequence): 

Poodo weakly in the sense of measures in Bs, (4.68) 
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/3i,oo := lim lim — 
r—>-0 k^+oo ZTT 


1 a/3oo[2/3-4(iV + i)_/3^] 


'Br UC 


A-aPk 


and 


If 1 

^ 2,00 := lim hm — / — 

r^Ofc^+oo ZtT \xn^^ 


4[l-a{N + l)] 

/3oo [4 + afJoo - 2a/3] 
2(iV+2)-/3fc“ 4[l-a(A^ + l)] ' 


-g«fe ^ 


(4.69) 

(4.70) 


In particular, 


Poo >21/3 — max < —, 2{N + 1) > ) >0 and maxiik —>■ —oo,\/K CC Bs \ {0} . (4.71) 


Furthermore, 
if min < 1 


1 


iV + 1 


< a < max < 1 


1 


’ A^ + 1 ^ ’ 


K 


then Poo = 2 ( /? — max ■( 2{N + 1) 


and so. 


for N > 0, we have: 


^auk — 


^dUk 


|x|<i J\x\<5 


while. 


for — 1 < N < Q we have: 




1 




hx\<6 |x|2(A^+2)-/3. 


(4.72) 

^ 0, (4.73) 

g«fc ^ 0, (4.74) 


as k ^ oo. 

As a useful consequence of Proposition 14.91 Corollary 14.121 and Corollary 14.191 we have: 

Lemma 4.20. Assume (14.11) . (|4.2p and (14.3p . ///3 > max{|, 2 (A' + 1 )} andS'U5/0, then, 
as k ^ + 00 , the following holds: 

(i) If S = ^ then max —oo, Vi? > 0. 

(a) If 0 ^ S then maxuk —oo, and 

\x\<r 

lim / fk{x)dx = lim / fk{x)dx = 0, Vr > 0 sufficiently small. 


k^coJ\x\->l 


k^oo 


' |x|<r 


(Hi) For every K CC \ 5 we have maxufc —>■ —oo. 


K 


□ 


We point out the following version of LemmaH^Ql which covers the case where P = max | ^, 2(A^ + 1)} • 
Lemma 4.21. Assume (14.11) and let satisfy (14.21) and (|4.3I) . If P = max||, 2 (A^ + 1 )} 


and we set. 


then the following holds: 


Poo ■= hm hm 7 ^ / fk{x)dx 


R —^~1“00 k —^~hoo 27T 




(4.75) 
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(i) 0<a< ora> 

(a) For every 0 < e < r sufficiently small, 


max Uk ——oo and in particular inf ick = inf Uk —^ —oo as k ^ +oo. (4.76) 

Br dBr 


Moreover, part (i) and (Hi) of Lemma\4.20\ continue to hold. 


(Hi) 


if 0 < a < 


2{N + 1) 


and 0 ^ S or more generally foo < 2(1 + N ), with N = min{0, N} , 


then lim lim / = lim lim / \x\^^ 2(Af+2)gUj. _ g. 

r —>-0 fc—>-+00 _/|2,|>i r —>-0 fc—>-+00 J\x\<r 


2 f 2 

if either iV > 1 and — - <o<l, orl 7 i:a> max < 1, 


(4.77) 


iV + 1 

then lim lim / = lim lim / 

1 —^Ofc^+oo J^x\>- r —>0 fc—>-+00 J\x\<r 


, and 0 ^ S or Boa < 
iV + 1 I ^ a 


I |a/3fc-4gaiij. _ g 


(4.78) 


Proof: Clearly, part (z) is a direct consequence of (14.41) . Concerning (ii) and (Hi), we only 
consider the case where: 


0 < o < 


1 


2(A^ + 1) 

as the other cases follow in a similar way. 
By virtue of the estimate: 


and Pk 


P = — as k ^ + 00 , 
a 


(4.79) 




[ 1x1“^'=-^ < [ < C, 

J Br J Br 


(4.80) 


from (|4.79l) . we deduce that necessarily, infill —)• — oo, as A: —)• +oo. On the other hand, for 

Br 

r > 0 sufficiently small and e G (0,r) we find a constant > 0: \\uk\\ 

Therefore, by means of Harnack inequality (e.g. see Proposition 5.2.8. of |49] ) we deduce 
that: max Uk —>■ —oo, as /c —)• +oo, and (ii) is established. 

e:<|a::|<r 


To establish {Hi), we simply observe that, if 0 ^ S' then (|4.77l) follows quite easily. While 
under the assumption: Poo < 2(1 + N~), we can use Lemma 14.31 together with Remark 
for Uk in Br, and conclude that. 
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(4.81) 


for suitable p > 1 and C > 0 . 

Hence by letting q = we can estimate: 


[ <c( r t(/3^-2(^+2))9+i dtV =c(^ 

J\x\<r \Jo J \ •'k 


(4.82) 


with 4 = /3fc - 2{N + 1) + iPk - 2{N + 2))^ ^ (f - 2{N + 1)) + (f - 2(1V + 2))^ > 0, 
as k ^ + 00 . So, from (|4.82D we deduce (I4.77li . 

□ 


In concluding this section, we point out some useful generalizations of the results stated 
above, which allow us to account for the scaling properties of problem (j4.2n under either one 
of the following transformations: 


Uk(x) Uk(Rx)-\ —logi? or Uk{x) UkiRx) + 2(N + 1) log R, 

a 

R>0. 

To this purpose we replace (|4.35p respectively with the following assumptions: 


14(x) = e 2 ,kyi,k{x) with Uk and Vi^k satisfying (I4.35p . (|4.36p and lim 62 ,fc = 0, (4.83) 

’ ’ ’ k^oo ’ 


or 


Uk{x) = £i^kUi,k{x) with Ui^k and I 4 satisfying (|4.35l) . (I4.36P and e 2 ^k 0, (4.84) 

For example, we can anticipate that the conclusion of Proposition 14.151 remains valid if (I4.83P 
holds with: 


lim •— 

k —^~ 1“00 CL CL 


> a2 + 1 := 


lim a 2 ,fc + 1 > 0 
fc—>- + oo ’ 


or (I4.83P holds with: 


(4.85) 


lim a 2 ,k + 1 := 

fc^ + OO 


02 + 1 > 


Ctl + 1 

2a 


In this direction we have: 


1 

2a 


lim {a\^k + 1 ) > 0 
k^+oo 


(4.86) 


Proposition 4.22. Let Uk satisfy (I4.33P with a > 0. Assume (I4.37P and that either (|4.83l) 
or ()4.84l) hold. If xq is a blow-up point for Uk in then, 


/3(xo) := lim lim 7 ^ [ gk{x)dx > min \ 2{N +!),->. (4.87) 

r^0k^+oo2TT Jb,.{xo) I “J 
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So the blow-up set of Uk in Q contains at most finitely many points. 

Furtermore, if we assume (|4.34|) then the following holds: 

a) for xo = 0 and a al+i > identities (|4.39l) . (14.401) and (I4.42p remain valid with 
fio = fi{xo); 

b) for xq 0 , a 1 and f3o = f3{xo) we have: 


and in particular, 


lim 

lim — 

! 



afio ifio 

-4) 

(4.88) 

r^O fc ^+00 zTT 

I Br(xo) 


4(1- 

-a) 

lim 

lim — 

! 


)e^'‘dx = 

Po (4 - 

afio) 

(4.89) 

r—>-0 ; 

^—>•+00 27r 

JBr ( 3 ^ 0 ) 


4(1- 

a) 


4 

max {1, 

4 

-w < /3o < . r, . 

a| mm|l,a| 



(4.90) 


Proof: First of all we observe that, by virtue of Lemma 14.31 and Remark 14.41 the weaker 
assumption ()4.83l) or ()4.84l) still suffice to ensure that (|4.87l) holds and the blow-up set of 
Uk in n contains at most finitely many points. Hence, for xq = 0, we can follow step by 
step the proof of Proposition 14.151 to arrive at the identity (|4.50p . At this point, we can 
still deduce (I4.52p . Indeed, if we suppose for example that (|4.84p holds, then (|4.58l) is now 
a direct consequence of the fact that: \\Uk\\L°°{Q) —)• 0, as A: ^ +oo. While, as in the proof 
of Proposition 14.151 the identity (|4.57l) can be derived regardless of the validity of (I4.53p . 
In other words, under the given assumptions we can always deduce (14.591) and the desired 
identities (|4.39l) and (|4.40l) follow in this case. In an analogous way, we may handle the case 
where xq 0. Indeed, after a translation, we can use the same arguments of Proposition 14.151 
which now we may apply with akj = 0, j = 1,2, in order to derive (j4.88p - (l4.89l) . Similarly 
we treat the case where (I4.83p holds. 


Remark 4.23. The case a 


□ 


1 ean be handled directly by Proposition \ 4 .lO\ and yields: fio = 4. 


Notice that Proposition 14.221 does not provide any information about the ’’concentration” 
properties of Uk around its blow-up points, in the sense that the limiting measure p in (14.431) 
may admit the decomposition (14.441) with <I> ^ 0. 

On the other hand, by keeping on following the arguments of the proof of Proposition 14.151 
we can easily check that, under the weaker assumption (14.831) or (14.841) the following holds; 


Proposition 4.24. 

suppose that: 


Under the assumptions of Proposition if xq 


0 , afi and we 


(^) 


or 


(14.841) hold with (3{xo) > 

a 


(4.91) 
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(ii) 


(|4.83l) hold with fi{xo) > 2{a2 + 1), 


(4.92) 


then the full conclusion of Proposition 4-ild\ holds. In particular, ’’concentration” occurs 
in the sense that, (j4.38p and (14.411) hold. 

Similarly, for a blow-up point other than the origin we have: 


Proposition 4.25. Under the assumption of Proposition If. 22 . let xq and a 1. We 
have: 


(^) 


i f ()4.84p holds and /3{xo) > 


(4.93) 


or 


(ii) 


i f ()4.83p holds and /3(xo) > 2, 
then, for 5 > 0 sufficiently small, there holds: 


(4.94) 


—^ Po^xo weakly in the sense of measures in B^(xo) 


with /3o = /3(xo) satisfying (j4.88p . ()4.89p . 
In particular: 


maxuk —oo, \/K CC i?5(xo) \ {a^o} 


(4.95) 


As a useful consequence of Proposition 14.241 we find: 


Corollary 4.26. Under the assumptions of Proposition lff^ . suppose that either (14.831) and 
(I4.85P hold or that (|4.84l) and (I4.86p hold, then the full conclusion of Proposition [7^75] holds 
for xo = 0 anda^ 


Proof: We establish the desired conclusion when (j4.84p - (j4.86p hold; as the other case where 
(I4.83p - (j4.85p holds, follows similarly. Indeed we check that, by the given assumptions, we 
have: l3{xo) > and then the desired conclusion follows by Proposition 14.241 Indeed, 

on the basis of (I4.86P we distinguish the following two cases: 


oi + 1 Ol + 1 

< 02 + 1 < 


or 02 + 1 > 


Ol + 1 


(4.96) 


2 a a a 

By Proposition 14.241 if the first inequality holds in (14.961) then we can use (j4.39p to get 
fdo > 4(02 + 1) > \Yiign the second inequality holds in (|4.96l) then we can use (I4.4UI) 
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to get the stronger inequality: (5q > and the desired lower bound for /3(xo) follows in 

any case. □ 

Similarly, we obtain: 


Corollary 4.27. Under the assumption of Proposition suppose that xq / 0 and 1. 
Assume that M.H.Sp holds with a <2 or that (|4.84D holds with a > ^, then the conclusion of 
Proposition \4d25\ holds. 


□ 

Finally, we describe what happens in situations somewhat complementary to those covered 
by Proposition 14.241 and Corollary 14.261 or Proposition 14.251 and Corollary 14.271 


Proposition 4.28. Under the assumptions of Proposition \4f22 the following holds: 


(i) // xo = 0 and 

(a) (14.841) holds with oi > —1 and /3(xo) < |(1 + otf), with af = min{0,ai}, then 
/3(xo) = 4(02 + 1) and necessarily 02 + 1 < ^(1 + af), 

(h) (14.831) holds with 02 > —1 and f3{xo) < 2(1 + af), with af = min{0,oi}, then 
/3(xo) = |(ai + 1) and necessarily oi + 1 < |(1 + af). 

(a) // xo / 0 and 

(a) (14.841) holds and /3(xo) < then /3(xo) = 4 and necessarily 0 < a < 

(b) ()4.83p holds and /3(xo) < 2, then /3{xo) = | and necessarily a > 2. 


Proof: As usual we check (i)-(o), as the other cases follow similarly. Indeed, by the given 
assumption, for e > 0 sufficiently small there exists G N and > 0: 


7 ^ [ gkix) <-{l + a.^)-e yk>ke,yre{0,re). 

Thus in view of Remark we can apply Lemma 14.31 for Uk to check that, for a suitable 


p > 


(i+«i) 


and C > 0, there holds: 


As a consequence, we must have: /3o,i = 0, and from Proposition 14.221 we can use (|4.39l) to 
conclude that, /3o = ^i{xo) = 4(a2 + 1) as claimed. □ 


32 



































5 Preliminary results 


In this section we show how to use the (local) blow-up analysis established above in order to 
obtain some useful information about the blow-up sets S and S of and Uk respectively. 

Remark 5.1. Although not always specified, it is understood that most of the limits taken as 
k —>■ oo, generally hold along a subsequence. 

From now on we shall suppose that, 


Uk satisfies (j4.2l) and (|4.3p . 

N > 0,0 < a j^,a 1 and 5 U 5 7 ^ 0. 
We point out the following simple properties: 


(5.1) 


Lemma 5.2. Assume ()5.ip . The following holds: 


(^) 


(ii) 


(Hi) 


if 0 < a < — -, then [ —>-0, as k ^ + 00 , VR > 0; (5.2) 

N + v y{|,|<^} 


if 


1 


A^ + 1 


< a < 1 , then 


r,a.Uk 


'{kl>£} 


0, as k ^ + 00 , Ve > 0; (5.3) 


ifa>l, then / ask ^+ 00 , \/R>0. 

J{\x\<R} 


(5.4) 


Proof: If S' = 0 then both ()5.2p and (j5.4p follows directly from part (i) of Lemma 14.201 (or 
part (ii) of Lemma 021]) • On the other hand, if S / 0 then for 0 < a < 77 ^’ 
estimate in (j4.27D in order to deduce that, for xq G S we have: 


lim lim / = 0. (5-5) 

r^O k^+00 JBrixo) 

Similarly for o > 1 we can check that if xq G S 7 ^ 0 then 

lim lim [ \x\‘^^e^'‘ = 0. (5-6) 

r^O fc^+00 JBrixo) 

Therefore (15.21) and (j5.4l) follow as a consequence of (15.5|) . (15.6|) and part {in) of Lemma fd .201 
(or part {ii) of Lemma l4.2ip . Concerning (15.3p we argue similarly, and observe that, in case 
S \ {0} 0, then (15.51) still holds for every xq G S \ {0}. Therefore, as above we can use part 
{Hi) of Lemma 14.201 (or part {ii) of Lemma l4.2ip to obtain: 
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L 




0 , as /c —)• + 00 , 


e<|x|<_R 


VO < e < i?. 

On the other hand, for < a < 1 and |x| > R we can estimate: 


(5.7) 


o'^k 


^dUk _ 




'\x\<l/R \ |x 


i/a-fSi, 


1—a 


< 


< c 


+2) ^U). 


1 


\x\<l/R 


'\x\<l/R \ |x 


i/a-2(N+2) 


1 

|4-2a(Ar+2) 


1 \ 1—a 

1 — a 


0, as R ^ + 00 . 


'\x\<l/R \\x\ 

Therefore, ()5.3p follows by taking into account (15.71) and (15.811 . 

We start to analyze the behavior of Uk when 5/0. To this purpose, we let: 


(5.8) 


□ 


and as before we set, 


S = {zi, ..., Zm} C M^, with Zj / Zj for i / j, 


(3{zj) := limliminf i — f fk{x)dx 
r^Ok^+oo \ 27r . 


According to Corollary 14.121 and 14.171 along a subsequence, as A: —)• oo we have: 


(5.9) 


fk ^/3izj)5zj, weakly in the sense of measures; (5.10) 

i=i 

locally in R^, and with (3{zj) = n^ax{i a} 7^ While, if Zj = 0 for some j = 1, ...m, 

then we set: /3o := /3(0), and the value of /o is characterized by the properties: (|4.63p . (I4.64p . 
(I4.65p . (I4.66P and (|4.67l) as given in Corollary 14.171 
As a consequence of (15.101) we have: 

Lemma 5.3. Let {uk} satisfy ()4.2I) . and assume (15.11) . If S = {zi,Zm} , then 


Vttfe(x) 


i=i 


X — Zn 


\X — Z4 


r, as k ^ +00, 


(5.11) 


uniformly in C'ioc(R^ \ S), with fij = fl{zj) as specified in Corollary \4-l‘d\ and Corollary\4.n\ 
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Proof: 

We need to show that, for a compact set K CC \ S, we have: 


max 

xGK 


Vufc(x) - f3j ^ 
i=i 


Z-Zj\ 


0 


as k ^ + 00 . 


(5.12) 


To establish (j5.12p . we take 5 > 0 sufficiently small, so that S H B 2 s{zj) = {zj} and B 2 s{zj) H 
B 25 {zi) = 0 for i / j. Let Ns := W^^^Bsizj), and we choose R > 6 > 0 sufficiently large so 
that. Ns CC Bji ^2 aiid K CC 5^/2 \ Ns. For x G K, we write: 


Vukix) = 


hL 


x-y 


Br\Ns \x - y\ 


2fk{y)dy +[ 7 ^— ^fk{y)dy 


3 


■^^JBsizj) \x-y\^ 


1 

+ 


x-y 


2 vr J{\x\>R} \x - y\- 


fk{y)dy =: Ji(x) + ^ Ij{x) + J 2 (x), 


(5.13) 


j=i 


and we proceed to estimate each of the terms above. 
For the first term we have: 


|Ji(x)| < i sup fk] f I— ^—r 

\Br\Ns J Jb 2 r{x) f - y\ 

For j = 1, ...,m, we write: 


dy = CR? sup fk] ^ 0, as k ^ +oo. (5.14) 
\br\Ns j 


Ijix)-/3j 


X — Zi 


\X — Zi 


X — y X — Zj 


JBs{zj) \\x - yf \x-Zj 


fk{y)dy 


+ 


hL 


(5.15) 


X — Zi 


Bs(^j) - Zj\ 


\t^k,j Pjl 


with Pkj ^ / fk ^ fij, as k ^ +oo. Observing that for x G K, we have: 

dBs(zj) 


Vj{y) : = 


X — y X — Zj 


|x — y\ |x — Zj\ 
then from (|5.1Up and (|5.15p . we find: 


G C^{Bs{zj)), and Vj{zj) = 0, 


Ij{x)-Pj 


X — Zi 


< 


27r 


B 2 s(zj) 


x-y 


X — z. 


\x - y\" 


fk{y)dy + ^\l3k,j-l3j\ 


.0, 

(5.16) 


as k ^ + 00 . 

Finally, for the last term in (15.131) . we find: 


35 
































1 


\'Mx)\ = 


[ 1 — ^—^fk{y)dy <% j fk{y)dy < 

'{\y\>R} \X - y\ ^J{\y\>R} 


c 

R' 


(5.17) 


for every R sufficiently large, and suitable C > 0. Thus, by combining (I5.14p . (|5.16p and 
(j5.17p . we deduce (15.121) . □ 


Lemma 5.4. Suppose that S \ {0} / 0 and let {zi,...,Zn} = S \ {0} with Zi 7 ^ Zj for 
i j G {!,...,n}. The following holds: 

(i) If 0 < a ^ < 1 then 


m-(3oh 


4 E 


, Vi = l,...,n; 


... ^ ,Zi — Zi\ 


(5.18) 


(a) If a > 1 then, 


-fdo 


Zi 

r..|2 



Vi = 1,..., n; 


(5.19) 


where /3o = 0 i/ 0 ^ 5, while for 0 G S then /3o is specified by Corollary U-l'A It is 
understood that for n = 1 the right hand side of (I5.18p and (I5.19p must be taken as 
equal to zero. In particular, if in (i) we have, 0^5 then necessarily n>2. 


Proof: Under the given assumptions we know that (along a subsequence) the following holds 
as A; —>■ 00 : 


— fk fiodo H- ? - dz- weakly in the sense of measures, locally in (5.20) 

27r maxll,al'^^ ^ 

^ ^ j=i 

A ^ 

Vuk^fioT^I - TZ —^ uniformly in \ S'), (5.21) 

|xp max{l,a}p^ \x — Zj\^ 

with fio as specified above. 

We establish (|5.18p in the more intricate case where n > 2, as to the case n = 1 follows by 
similar yet simpler arguments. For h = 1,2 we multiply (14.21) by dhU^, and obtain: 


For h 


-dhUkAuk = e°-'^>‘dhUk + \x\^’^ e^^^dhUk 


= dh 


^auu 

-h 


- dh 


1 , by straightforward computations we find; 




(5.22) 
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diUkAuk = di 


(diUk)'^ {d 2 Ukf 


+ d 2 {diUkd 2 Uk) ■ 


Therefore, for (5 > 0 sufficiently small, and for every i = 1, n, we may integrate (|5.22|) over 
Bs{zi) C \ {0}, to obtain: 


{diUkf - {d2UkY 


IdBsizi) 


Vl + {diUkd2Uk) ^2 


L 


dBsizi) L 


^dUj^ 


I I 1 2A^ uu 

+ X e 


' Bs{zi) 


di (log I 


(5.23) 




To handle the left hand side of (I5.23j) . we use (I5.12p and take into account that the function 
Tj(x) := + ^ ^^2 is regular over Bs{zi). Therefore, after explicit calculations, 

from (|5.23p . we derive: 


{diUkf - {d 2 Ukf 


IdBsizi) 

-2tt 


Vl + {diUkd2Uk) 1^2 


^ + 16 


Zi,l - Zj^l 


(5.24) 


+ o(l), as k ^ Too 


where we have set: Zi = (zi^i, Zi^ 2 ), and o(l) —>• 0 as (5 —>■ 0. 
Concerning the right hand side of ()5.23p . we see that, 


^ClUj^ 


+ ^ 0 uniformly in dBs{zi), 


while, 


[ d,(log\xD\xre^ 


' Bs{zi) 


Sirdi log (IX 


l 2 N 


, as k ^ Too. 


J X = Zi 


(5.25) 


By using an analogous argument for /i = 2 in (|5.22p . we arrive at the following identity: 


xY^ ) (zi) = -Itt 


— SttV 

for every i = 1, ...,n. In other words. 


4/^01—^ + 16 


Zi - Zj 


... .. \Zi — Zi\ 
l^J=l I * 


(5.26) 


(2iV-/3o)^-4 ^ ^^^ = 0 i = l,...,n, 


(5.27) 


and ()5.18p is established. 

To obtain (|5.19|) . we argue similarly, only that in this case, by (|5.4I) . we find: 
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f ("log —)• 0, as A: —)•+ 00 , 

J BAzA ^ 


I Bs{zj) 

from which we can derive ()5.19p as above. 


□ 


Remark 5.5. (a) As a consequence of Lemma \5^\ we see that, if 0 < a < 1 and 

S' / 0 then 

either S = {0} or S contains at least two points, one of which possibly the origin. (5.28) 
More preeisely, in complex notation, (I5.18D can he expressed equivalently as follows: 


m - /3o) 


i^j=i 


1 


Zi - Z.i 


= 0, Vi = 1,..., n. 


Hence, by summing up the above identities over i = 1, ...,n, we find: 

1 Ati(ti — 

i/ 0 < a / jy -2-^ ~ 

As a consequence, 

• i/ 0 ^ S 7 ^ 0 then necessarily: 


(5.29) 


(5.30) 


G N and n = N + 1 > 2 


(5.31) 


if 0 G S and S \ {0} ^ 0 then necessarily: 


/3o = 2{N + 1 — n), n G N 


While, if a > 1 then from (I5.19P we find: 


Zi 



= 0 , 


which, as above, now yields to the identity: 


Vi = 1,..., m; 


(5.32) 


(5.33) 


—n(n — 1 ) = —Pon. 
a 

with /3o = 0 for 0 ^ S or /?o = ^ for 0 G S Thus, if a > 1 and S / 0 then we deduee that 
neeessarily S = {^o} for some zq G M^. 

Lemma 5.6. Assume (|5.1|) and let 7 ^ a G (O, U (1, + 00 ). Then 0 G S 4^ S = {0}. 
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Proof: If 0 < a < then by (|4.66p we know that, /3o = 4(A^ + 1) and we can use (15.30^ 
in order to derive that, S \ {0} must be empty. 

If a > 1 a similar conclusion follows from Remark 15.51 So we are left to consider the case 
where: 


I 

iV + 1 


< a < 


2 

N 


(5.34) 


To this purpose, we observe that, if < a < 1, then we can still use Corollarv l4. 171 together 
with ()5.3p in order to deduce the following information: 


/5o £ 


-,4(iV + l) 
a 


and /3o (4(iV + 1) - /3o) 


/3 (4(Ar + 1) -/?). 


(5.35) 


On the other hand, if < a < then, /3o > 2{N + 1), and from the identity (I5.35p . 
we deduce that necessarily /3 = l3o. Therefore we must have S = {0} in this case as well. 
Finally, for > 1 and -jy^ < a < 1, by the identity in (I5.35K it could still happen that 
I < /3o < 2(A^ + 1) and (5 = 4(A'' + 1) — /3o. In other words, if 5 \ {0} = {zi, ..., Zn} then we 
have Po = 2{N+l—n), and consequently f3 = 2(A''+l+n), for some 1 < n < iV+1—| < N—1. 
Thus this situation can occur only when N > 2 and ^ < a < 1, and the desired conclusion 
is established. □ 


Corollary 5.7. Assume dSH). 

(i) // 0 < iV < 2 then 0£S^S = {0}. 

(a) 7/0 G S' and /3o > 2{N + 1) then S = {0}. 

(in) Let N > 2 and ^ < a < 1. If 0 G S and S \ {0} / 0 then (3 = 2{N + 1 + n), 
Po = 2{N + 1 — n), where n G N is the number of blow-up points in S \ {0} and it 
satisfies: l<n<N + l — ^<N — 1. 

Next we show that, for 0 < a < 1, the situation where S / 0 but 0 ^ S' is unlikely to occur. 
Indeed, it requires that N G'N, and the blow-up behavior of Uk coincides with that described 
in Remark 13.11 for solutions of problem (|3.1I) . 

Theorem 5.8. Assume dSH) and suppose that 5/0 and 5 C \ {0}. ITe have: 

(i) i/0 < a / ;^y^ < 1 then N € N and S = {zi, ...,zn+i} where Zj are the vertices of a 
{N + 1)-regular polygon, that is 

= j = l,...,N + l (5.36) 

with ^0 = (-l)^ 2 :i • ... • ZAT+i. 

In particular ft > 4(iV + 1), and equality holds for -^y^ < a < 1. 
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{a) If a > 1 then S = {zq}, for some zq € \ { 0 }, and /? > ^. 


Proof: Clearly (m) follows directly from Remark 15.51 Hence, we assume that 0 < a 7 ^ < 

1. Then we can use (|5.31|) in order to conclude that, N gN and S = {zi,z^+i} C M^\{0}. 
Therefore /3 > 4(iV +1), and in particular, if < a < 1, then in view of (I4.4p we see that, 
/3 = 4(iV + 1), as claimed. 

Furthermore, since (15.1811 holds with /3o = 0, we may express it in complex notations as 
follows: 


N+l 


2E 

i^j=i 



= N, 


Vi = l,...,iV + l. 


(5.37) 


We shall use ()5.37p to establish p5.36p . whose proof we learnt from Roberto Tauraso and 
Carlo Pagano. We start to observe that, for iV = 1, then ()5.36l) follows easily by (|5.37p . 
Therefore we assume that N >2 and let 


Af+l N 

p{z )=n ^ +X] 

j=l fc=0 

so that, the zeros of P are given exactly by the points Zj, Vj = 1, ...,N + 1. Furthermore 

N+l 

P'{^i)= n P”{Zi) = 2 ^ YliZi-Zj), 

i^j=l \A\=N-lj€A 

with H C {1,..., + 1} \ {i}. 

Hence, according to (I5.37P we deduce that, 

Af+l / Af+l 

NP\zi) = 2 n {zi- Zj) Y1 ■ 
i^j=i 

As a consequence, the following polynomial: 


Zi 


Zi - Zk 


= ZiP"{zi), Vi = l,...,iV + l. 


Af+l 

Qiz) := NP'{z) - zP"{z) = ^ A; (A + 1 - fc) 

k=l 


has degree less than N, but admits A + 1 zeroes; as we have: Q{zi) = 0 for i = 1,..., A + 1. 
Therefore Q = 0 and we deduce that, afc = 0 for A: = 1,..., A. Thus, from (I5.38p we have that 
{zi, ..., ZAf+i} correspond to the A + 1 distinct zeroes of the polynomial P{z) = z^~^^ + oq, 
with oo = (—• ... • zat+i 7 ^ 0, and (I5.36P is established. 


□ 


From Lemma 15.21 and by the above results, we can deduce easily the following: 
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Corollary 5.9. Assume ()5.ip with a G (0,1) . 


(i) If N ^ N and 5/0 then 0 G 5. In particular, i/0<iV/l<2 then S = {0}. 

U Iv^ < a < 1 and 0^5 then ft = 4(A^ + 1). 

(Hi) If 0 < a < and 5/0 then there exists i?o > 0 such that, for any R> Rq (along a 
subsequence) there holds: 

lim f lim f fk{x)dx = 4:{N + 1). (5.39) 

J {\x\<R} J {\x\<R} 

We can further refine and complete the results of Corollary 15.91 as follows: 

Lemma 5.10. Assume (|5.ip . 


(V U 2 (n+i) ^ ® < 7 v^ 5/0 then ft = 4(iV + 1). Furthermore for i? > 0 sufficiently 

large, we have: 


lim f fk{x) = 0, (5.40) 

k^+°o J{\x\>R} 

and in particular, if a ^ 2 (N+i) 0^5. 

(a) // 0 < a < then 0 G 5. 

Proof: 

We start to establish (i) in case: ® < Iv^’ where we need to show that 0^5. 

Indeed, from (14.411 . we know that / > f, and so if we suppose by contradiction that 0 G 5, 
then ft = 4(A^ + 1) + /oo and by Corollary 14.191 we also know that: ft^o > “Ift — As 
a consequence, we find: 4(A^ + 1) < / < ^ — 4(A^ + 1), which is clearly impossible for 

® > 2(Ar+l) • 

Therefore 0^5, and so (15.4011 holds, and by (|5.39p we find that ft = 4(A^ + 1), as claimed. 
Next we show that, even when a = 2 {n+i) have: ft = 4:{N + 1) = |, and so (|5.40ll holds 
in this case as well. Indeed, if by contradiction we suppose that ft > 4(iV + 1) = |, then, on 
the basis of part (m) of Lemma 14.201 we see that necessarily 0 G 5. Therefore we can argue 
exactly as above to get the following contradiction: 4(A^ +1) < /3 < f — 4(A^ + 1) = 4(A^ +1). 
Concerning (ii), we recall that 5 U 5 / 0, therefore if 5 = 0 then necessarily 0 G 5. Hence, 
we assume that 5/0, and proceed to show that, 0 G 5 with an argument by contradiction. 
Thus, we suppose that 0^5 and recall that, from ()4.4I1 . we have: ft > ^. Immediately, 
we rule out the possibility that /? > |, as otherwise we could use (15.3911 and conclude that 
ft = 4{N + 1), which is impossible for 0 < a < 2 {n+i) ■ other hand, if /3 = ^ then by 

recalling (14.7711 . we can use ()5.39ll and derive: 
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1 


X 


^ + 1 ), as k ^ + 00 . 


Hence from (I3.12p . we obtain the following identity: 

f3{A - af3) 


4[l-a(7V + l)] 


= 4(iV + l), 


which however is violated when (3 = ^ and 0 < a < 2 {n+i) ' conclusion, 0 E 5 and also 
(a) is established. 

□ 

Concerning the case < a < 1, on the basis of part {ii) of Corollary 15.91 it remains to 
analyze what happens when 0 E 5*. In this direction we have: 

Lemma 5.11. Assume (|5.ip . Let N E (0,1) and suppose that 5 7 ^ 0. 

('i) If iv^ < a < 1 then S = {0}, (3 = Pq (Pq as characterized in Corollary U.lTj ) and 
O^S. 

(ii) If 1 < a < then (3 = ^. Furthermore (|5.4UI) holds and in particular for a / 
we have that 0^5. 

(Hi) If a > then 0 E 5. 


Proof: The fact that in (i) we have: S = {0} follows directly from Corollarv l5.91 Furthermore 
(I5.35P holds, and since o < 1 < 77 ^, it gives that /3o = /3 > 2(A^ + 1). 

Consequently, from Corollary 14.191 we see that 0^5, and (i) is established. 

To prove (ii), we observe that for 5 7 ^ 0 and a > 1, we have S = {zq} and 


f3{zo) = f3o := lim lim ^ [ fk{x)dx = lim lim [ 6 ““*^ dx = -. (5.41) 

r-:. 0 fc-i.+oo 27r JBr{zo) ® 

We need to establish that actually, f3o = /3 = ^. To this purpose, we start to discuss the case: 
1 < a < where we know that, (3 > f3o = ^ > 2 (W + 1 ). 

Therefore, if by contradiction we assume that /? > |, then 0 E and so we could use 
Corollary 14.191 to deduce that (3oo = f3 — ^>2(3 — A{N + 1). In other words, 2{N + !)</?< 
4(A^ +1) — which is clearly impossible for a < tv^- Thus, we have shown that, (3 = f3o = ^ 
in this case. 

On the other hand, for a = 7 ^^ we can still claim that: (3 = (3o = ^ = 2{N + 1). Indeed if 
by contradiction we assume that, j3 > 2{N + 1) then by part {ii) of Lemma [4.201 we see that 
necessarily 0 E S' and at this point we could reach a contradiction as above. 
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Finally, to establish {in), we observe first that, if a > > 1, then by (|5.4ip we have 

that: /3o = ^ < 2(A^ + 1) < /3. Thus, if by contradiction we assume that 0^5, then for 
(5 > 2(iV+l), we may check as above that it is impossible . On the other hand, if /? = 2{N+1), 
then we can use (|4.78l) and (|5.41l) in order to deduce (I5.85j) . which ( for /3o = | < 2{N + 1)) 
implies that; 

^ = 4(iV + l)--. (5.42) 

a 

However, (j5.42p cannot hold with [3 = 2{N + 1) and o > > 1, and so we conclude that 

0 G S' as claimed. 

□ 


Lemma 5.12. Assume ()5.ip . Let iV > 1 and S 7 ^ 0. 

If 7 v^ < a < and 0 G S, then S = {0} and /3 = /Jq- In particular, (15.40^ holds 

and 0 ^ S provided that a 7 ^ . 

(a) If N > 1 and < a < 1 then either P = (do > 2{N + 1) and (|5.40p holds, or 

^ < /3o < 2(A^ + 1), 0 G S and (5 = 4(A^ + 1) — /3o. In particular. 


(in) If a > 1 then 0 G S. 


/3g 


(^2(iV + l),4(fV + l) 


4 

a 


(5.43) 


Proof: The fact that S = {0} in (i) follows from Lemma 15.61 and moreover the rest of the 
proof of (i) and {Hi) follows exactly as in the proof of (i) and {Hi) of Lemma 15.111 
Concerning (ii), we see (as in the proof of Lemma l5.6p that (I5.35p holds. Thus, if /3o > 2(A^+1) 
then from (15.351) we hnd that necessarily: (5 = (5q and consequently (I5.4r)p must hold . While, 
if I < /do < 2(W + 1) then from (|5.35l) we hnd that (5 = 4(A^ + 1) — /do- In particular, (|5.43l) 
holds and necessarily 0 G S in this case. 

□ 

In addition, we may also conclude the following: 

Corollary 5.13. If a > max|l, then 0 G S. Furthermore if S then 

2{N + 1) < fd <MN + 1) -- 

a 


Proof: The hrst part of the statement is a direct consequence of the above results. Concerning 
the second part, recall that, (d > 2(A^+1), therefore we only need to check that if /? > 2(A^+1) 
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then (3 < 4{N +1) — To this purpose, we simply observe that, since 5/0 and 0 G 5 then 
necessarily: / = ^ + Pea with Pea > 2/3 — 4(iV + 1) (see (|4.71l) b and the desired estimate 
readily follows. □ 


6 


The case 0 < a < 


1 

N+l' 


By virtue of part (i) in Lemma 15.101 it remains to identify the limiting value of /3 = P°° in 
(14.3p only in the following situations: 


or 


1 

2(iV + l) 


< a < 


1 

iV + 1 


and 5 = 0, 


( 6 . 1 ) 


0 < a < -|- 1) ’ know that, 0 G 5; (6.2) 

see (ii) of Lemma 15.101 

To this purpose, we hx 0 < e < 1 sufficiently small (to be specihed later) and let Hk = 
Rkis) > 0 be the unique value dehned by the condition: 


1 



-,4(iV + i) _e. 
a 


(6.3) 


Lemma 6.1. Assume that either o or don holds. For e > 0 sufficiently small we have: 


Rk —)■ + 00 , as k ^ + 00 . (6.4) 

Proof: If 5 = 0 then (j6.4p is a direct consequence of Lemma l4.201 1?4. Hence assume that, 

0 < a < 2(N + 1) ^ 

and let 0 < e < I — 4(A^ + 1). Then from (j5.39l) we find that, for any i? >> 1 sufficiently 
large, we have: 


— [ fk{x)dx —>■ 4(A^ + 1) <-e = max < —, 4(A^ + 1) > — e, as k ^ +oo. (6.6) 

^t^J\x\<r « [a J 

Consequently, dO]) can hold only if Rk —>■ +oo, as A: —)• +oo, as claimed. 

□ 

Define: 

2 

Vk(x) = Uk(Rkx) +-log Rk, (6.7) 

a 
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which satisfies 


-Avk = 6“’''= + ei,fc e’'* := /i,fe(x) in 

< 1 f (6.8) 

/3fc := ^ / fi,k{x)dx /3 as oo. 

JR2 

with 


ei,fc 

Moreover, from (16.3p we have: 



{l-a(N+l)) 


—)• 0 as A: —oo 


(6.9) 


Next set, 


satisfying: 


— [ 

J |x|<l 


fi^k{x)dx = max \ 4(7V + 1) ^ - e. 


Vk{x) = Vk 



+ /3fclog^, 

\x\ 


( 6 . 10 ) 


( 6 . 11 ) 


/ 

-Avk = + £1 k := A ^(x) in 

< f . ’ ’ (6.12) 

/3fc := ^ / fi,k{x)dx (3, as +oo, 

and we denote by 5i and Si the (possibly empty) blow-up set of and Vk respectively. 

For xo E we let. 


/3o(xo) = lim lim 

‘T^O fc^ + OO 




Br{xo) 


fi,k{x) dx = /3o,i(xo) + /3o,2(xo) 


(6.13) 


with 


/3o i(xo) := lim hm — [ dx 

r^0k^+oc27r Jb^^xo) 

. (6.14) 

/3 o,2(xo) := lim lim — / dx. 

r^O fc-j>+oo ZTT JBrixo) 


For later use, we collect in the following lemma some general facts concerning solutions of 
dSSl) with ei^k 0. 

By direct inspection, we check that the arguments in the proof of Proposition 14.21 and Propo¬ 
sition 021 extend easily to cover the new sequence {vk} in ()6.8p . 

Furthermore, Proposition 14.241 as well as Corollary 14.261 Corollary 14.271 and Proposition 14.281 
obviously apply to Vk (and Vk) and imply the following. 


45 












Lemma 6.2. Let Vk satisfy (16.8p with N > —1, 0 < a 7 ^ and a ^ 1 and £i^k 0. Then 
the blow-up set Si of contains at most finitely many points and the following holds: 

(i) for every compact set K C 'S? \ Si there exists a constant C = C{K) > 0; 

\vkix) - Vkiy)\ < C yx,yeK (6.15) 


(a) Let xo E then 

• for xo = 0 and /3o = /3o(0), /3oj = /3oj(0); J = 1 ) 2 , we have: 


4(l-a(iV + l)) 
for xo / 0 and (3o = /3o(xo), we have: 


/?o,i(a^o) = ^ and /3o, 2 ( 3 ^ 0 ) = 


4(l-a(lV + l)) 

/3o(4 - aj3o) 


4(1 - a) 

If one of the following conditions hold: 


4(1-a) 


(a) xo = 0 and a > 


1 


2(iV + l) 
1 


then 


2tt 


(b) Xo / 0 and a > - 

(c) ^(xo) > - 

a 


fi,k Po^xo weakly in the sense of measures in Bs{xo). 


Moreover if a > 1 then /3(xo) = ^, Vxq E S'!. 

In case /3o(xo) < then we have: 

if xq = 0 then /3(xo) = 4(A^ + 1) and 0 < o < 


1 


2(iV + l) 


i/xo / 0 then (3{xo) = 4 and 0 < a < 


1 


In particular, 


l3o,i{xo) = 0 


(in) If 0 £ Si and (3 > max{^,2(A/' + 1)} then by setting: 


Poo ■= lim lim — 

r—>-0 fc—>-+co 2tT 


\x\<r 


fi,kix) dx 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


( 6 . 20 ) 


( 6 . 21 ) 
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we have: 


lim lim — [ 

1 —^0 fc^+oo 27r J^x\<r 


a/3oo(2/?-4(Ar + l)-/3oo) 

4(l-a(iV + l)) 


lim lim — [ eifc|x|^'=-2(^+2)e“*'= 

1—^0fc^+oo27r J^x\<r 


/3oo(4 + a/Soo - 2a/3) 
4(1 -a(iV + l)) 


( 6 . 22 ) 

(6.23) 

□ 


We are going to use Lemma 16.21 for the sequence in (16.8D . 


Lemma 6.3. Assume (|6.1D or (j6.2l) . If 13 = ^ then 

fi,k{x) = 0 (6.24) 

2[I\ + 1) r^0k->-+co ZTT J\x\>R 

Furthermore the blow-up set Si of Vk is formed (up to a rotation) by the {N + 1)-roots of the 
unity. 

Proof: Since f3 = ^, then necessarily: 0 < a < therefore we have: ^ i|a;|<i fi,k{x) dx 

I - e. In other words, ^ fi^k = ^ fi,k = £, with e > 0 sufficiently small. By 
virtue of these facts, we can argue exactly as in Lemma 14.211 Indeed we can use inequality 
(j4.8UD for Vk together with (|6.15|) in order to deduce that, for i2o > 1 sufficiently large, we 
have: 


max Vk —oo, as k ^ +oo,Vi? > Rq. (6.25) 

Ho<|a:|<iJ 

Similarly, we can use the estimate (|4.82p for Vk to obtain: 


lim lim — [ £i k\x\‘^^e'’'‘= 0 
ij^+oo fc—>-+oo 27r J\x\>R ’ 


From those properties, we see that necessarily Si / 0. Indeed, if 
(I6.I5P and ()6.25p to get. 


(6.26) 


then we could use 


max Vk —>■ —oo, as k ^ +oo,; 

|x|<J? 

Vi? > 0, in contradiction with (16.1011 . 

Therefore we let Si = {zi, ..., Zm} C M^, m € N, and set, 

Pj ■■= Po{zj) := lira lim fi k{x)dx,j = l,...,m. (6.27) 

r^Ofc^+oo 27r 

Notice that by Lemma 16.21 we know that: 4 < /3j < /3 = |, for every j = 1,..., m. 
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Furthermore, from (|6.15p and (|6.25p . we see that necessarily ’’concentration” must occur, in 
the sense that, as A; —>■ oo, 

^ m 

7 ;—fi k / ^Pj^zi weakly in the sense of measures, locally in (6.28) 

27r ’ 

i=i 


Clearly, if Zj G Si and \zj\ < 1 then f3j < actually, we see next that such estimate for /3j 
holds for every j = 1,..., m. 

CLAIM: 

/3,<^, Vj = l,...,m. (6.29) 

To establish (j6.29p we argue by contradiction and suppose that there exists jo € {!,...,m} 
such that: > ^ = /?. Hence in this case we must have that m = jo = 1 and. 


5i = {zi} , l3i = - = (3. (6.30) 

a 

In particular, for every r > 0: 

lim [ fi,ki^)dx = 0 (6.31) 

k^+OO JK.2\Br{zi) 

By keeping in mind (|6.10ll and (|6.28ll . we see that actually: \zi\ = 1. 

On the other hand, if we use (|6.17l) for the blow-up point xq = zi 0, together with (|4.5I) 
we obtain the following identity: 


^ = lim lim — [ e°‘'"'^dx = lim — [ = 

4(1 — a) r^Ok^+oo 2 tT JBr(zi) k^+oo 2 tT J’^2 


lim — [ e°‘^*=dx 
k —>'+cxD StT J'^2 


a/3(/l-4(A + l)) 
4(l-o(A + l)) 


(6.32) 


which must hold with /3i = /3 = |, and this is clearly impossible. So ()6.29p is established. 
Therefore, we can use Lemma 16.21 and from (j6.19p and ()6.2np we deduce: 


4(A + 1) if = 0 If 

/?,■ = < and lim lim — / = 0, Vj = l,...,m. (6.33) 

[4 ifz, /0. r^ok ^+00 27r Jb^^,.) 

On the basis of the ’’concentration” property (|6.28p . we can check easily that the conclusion 
of Lemma a Lemma [5^ and part (i) of Theorem 15.81 apply to Vk- As a consequence, we 
conclude that, either 5i = {0} orAsN, m = A + l and 5i is formed by the vertices of a 
regular N + 1-polygon. In any case, by combining (16.2611 . (I6.28P and (|6.33p we find: 
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/3(4 - a/3) 


= lim 


1 


4(1 —a(A^ + l)) k^+ CO 27r 


£i,k\x\‘^^dx = A{N + 1), 


lim lim 
R —^~1“CXD k —^~1“00 StT 


-/ 

iTT J\a 


dx = 


|a;|>_R 


a/3(/3 - 4(iV + 1)) 
4(l-a(/V + l)) 


(6.34) 


But for /3 = ^ we readily check that (16.3411 can hold if and only if: 


Q = ^/.}. . , /3 = - = 4(iV + 1), and lim lim [ = 0 (6.35) 

as claimed. Furthermore, by means of (|6.1UI) and (I6.35P we can rule out the possibility that 

= { 0 }. 

In conclusion, we must have that iV G N and (in complex notations) Si = {zi, ...,zn+i} C 
\ {0} is formed by the N + 1-roots of the value: / 0. In 

particular, \zj\ = Vj = 1,..,A^ -|- 1. But from (|6.1U|) we see that necessarily \zj\ = 1, 

Vj = 1,.., -|- 1, and the proof is completed. 

□ 

On the basis of Lemma 16.31 from now on we shall assume the following for e > 0: 


I f 2 

if a 7 ^ —-- then 0 < e < min <8-, 

^2{N + l) Y a 


4(/V + l) - - 
a 


4 4 

if /3 < - then 0 < e <-/3 

a a 

12 2 

if a = - 7 and 8 > — then 0 < e < 8 -. 

2{N + 1) ^ a a 


Proposition 6.4. Assume dSU) or then 


(6.36) 


lim lim / fi^i~{x)dx = 0 (6.37) 

ij—>-+oo k^+oo J\x\>R 

More precisely, for a / ^(jvVi) ® ~ 2(AfVi) ^ “a’ have that Q ^ Si. 

Proof: By virtue of Lemma 16.31 we are left to show that, 


if /3 > — then 0 ^ 


(6.38) 


In order to establish ()6.38p . we argue by contradiction and suppose that /3 > f and 0 G 5i. 
Hence we are in position of applying part {in) of Lemma 16.21 and from ()6.23p we conclude 
that, 


/3oo > 2/3 - -. 

a 


(6.39) 
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with /3oo defined in (|6.2ip . 

On the other hand from (Id.lOp we know also that, 


/3oo < /? - max{-,4(A^ + 1)} + e, 
a 

and we may combine (I6.39p and (|6.40p to deduce that, 


(6.40) 


4 2 

/3 <-max{-, 4(A^ + 1)} + e (6.41) 

a a 

But since /3 > f, we readily see that the inequality (I6.4ip is in contradiction with our choice 
of e > 0 in (|6.36p . 


□ 


Theorem 6.5. Let Vk be defined in (jO.OOp and Si be its (possibly empty) blow-up set. 

(i) If Si = $ or Si = {zi} C \ {0} then /3 = |- 
(a) If 0 & Si then Si = {0}, 0 < a < ~ a ~ + ^)- 

(Hi) If Si = {zi, ...jZm} C \ {0} with N 3 m > 2, then N > 1 and for fij in (|6.27p the 
following holds: 

• either fij < f Vj = 1, and we have: 


2 < m < N + 1 and /? = - ^1 + y/l — 4am(l — a{N + 1))^ , (6.42) 

moreover the equality m = + 1, can oceur only for 2 (n+i) < « < 77 ^ 

Ai E N, and in this case we have that, (5 = 4(Ai + 1) and Si is formed (up to 
rotation) by the {N + 1)— roots of the unity ; 

• or 3 unique jo E {1, ...,m} such that \zjfi = 1, | and we have: 


— (y(l- a{N + 1))2 + 


Na 
1 — 0 


- 1 


N + 1 
+ —^ < 


N 


2(1 -o) 


< 


A^ + 1 
(6.43) 




=^^(1 - ^^^"^^1 - ajN + 1)) 

2 / 2(m-l)(l-a(jV + l)) \ 

« V N ) 


(6.44) 


In particular in this case there holds, 
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(6.45) 


N > 1 and /3 > 2(N + 1) + - I J(1 - a(N + 1))2 + 

a \ V I — a 


Proof: If 5i = 0 then, by passing to a subsequence if necessary, we can assume that, 

Vk^v in 


with V satisfying: 

{ —An = 6°''" in 
G L1(R2) 

So, from (13.31) and (14.41) we conclude that necessarily (3 = -^ fj ^2 e“’' = ^, as claimed. 

Next we suppose that Si / 0. 

Claim 1 : ifO^Si then necessarily 0 < a < 2 (n+i) ■= li™fc->+oo/g fi,k{x) dx 

satisfies, 


4(iV + 1) = /3o < - - e (6.46) 

a 

Indeed, for 2 {n+i) < o < ]v^ condition (|6.10p reads as follows: ^ ~ 

4:{N + 1) — e, e > 0, and by virtue of ()6.16p we see that 0 ^ S'! in this case. At this point 
(I6.46P follows from (I6.10p and (|6.19l) . 

Claim 2 : Let Si = {zi,Zm} and suppose that 3 jo G {l,...,m}.' then \zjfi = 1, 

0 ^ Si, fij < I Vj 7 ^ jo (if any) and. 


a V V N / N 


2 / 2(m-l)(l-a(iV + l)) 

a V N 


(6.47) 


Furthermore, either m = 1 and j3 = ^ or (16.431) and (|6.45l) hold. 


We observe first, that by virtue of Lemma 16. 2 1 and Proposition 16.41 (along a subsequence) we 
have: 


^ m m 

^ weakly in the sense of measures, and fi = (6.48) 

^ i=i i=i 

Moreover from Claim 1 and (16.461) we have that necessarily Zj^ 0. 
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We deal first with the case m = 1, where /3 = and, in view of (jG.lOl] . we see that necessarily 
\zj^\ = 1. By virtue of (|6.17|) . we deduce that, 

- 4) ^ a/3(/?-4(iV + l)) 

4(1-a) 4(l-a(lV + l)) ■ ^ ^ 

Thus, if /3 = /3j(j then from (|6.49l) we derive that /3 = |, as claimed. 

So let m > 2, and by contradiction assume that there exists ji ^ jo E | 

and (3j^ > I- 

Since /? < ^ then necessarily: Bj, = Bjn = ^, B = ^ and m = 2. On the other hand as above 
we see that, Zj^ ^ 0 , Zj^ 7 ^ 0 and 

2 / l-2a \ ^ a(/3,„(/3,„-4)+/3,-,(/3,7-4)) ^ a/3(/3 - 4(Ar + 1)) ^ 4 
a \ 1 — a ) 4(1 — a) 4(1 — a{N + 1)) a’ 

which is clearly impossible. 

Therefore, fjo{zj) := fjj < |, Vj E {l,...,m} \ {jo} and we can use Lemma [ 6 l^ in order to 
deduce that, for every j ^ jo the following holds: 


if Zj = 0 then 0 < a < ———— and (Bj = 4(A^ + 1 ), 

(6.50) 

if Zj 7 ^ 0 then 0 < a < - and /3j = 4. 

Furthermore (|6.49l) continue to hold, with (3 = J2jLi Pj and where the values of 13j, for j 7 ^ jo, 
are specihed in (I6.50p . 

In particular (|6.49l) implies that, for m>2 necessarily P < ^ and so, by our choice of e > 0 
in (|6.36|) and (lO.lOp . we find that necessarily {zj^l = 1. Furthermore, we observe that 0 ^ Si, 
as otherwise we would have: 


P > Pjo + 4(iV + 1) with /3ja > 

which is impossible by virtue of (|6.49|) . 

Consequently, 


P = Pjo +4(m - 1), 


(6.51) 


and we can use again (|6.49D together with (|6.51l) in order to solve for (Bj^ and obtain: 


Pjo 




+ - ( 1 - 

a 


N 

2 (m- 1)(1 - a) 
N 


N 


(6.52) 


52 


































Therefore, 


a{N + l)) 

(6.53) 

2 / 2(m-l)(l-a(Ar + l)) \ 

a V N ) 

as claimed. 

At this point, if in (j6.52l) we require that then after straightforward calculations 

(explicitly carried out in part (i) of the Calculus Lemma 1 in the Appendix), we find: 



1 - 


2(m — 1)(1 — a(N + 1)) 


N 


4(m — l)ma , 
+ iV 


mEN:l<m—1< 


2a 


(1 - a(N + 1))2 + ^ - (1 - a(N + 1)) ) = 
1 — a 


N 


(6.54) 


2(1-a) - a(A^ + 1) + ^(1 - a{N + 1))^ + 


Since we can easily check that, for a G ^0, 77 ^ j > have: 

./(l-a(iV + l))2 + ^ < 1, (6.55) 

V 1 — a 

then, by means of (j6.54p . we easily deduce that, 1 < m — 1 < As a consequence. A" > 1 

and 0 < a < consistently with the second condition in (16.5011 . 

On the other hand, for A > 1 we can also check that. 


J(l-a(A + l))2 + -^ > a(A + 1) 

V 1 — a 

and from (j6.54ll . we readily conclude (I6.43p . Finally, the estimate (|6.45p follows by a mono¬ 
tonicity property which is explicitly derived in part (ii) of the Calculus Lemma 1 in the 
Appendix. 

Next we analyze what happens in case (3j < Vj = 1, ...,m and prove: 

Claim 3 : If 0 ^ Si = {zi ,..., Zm} and assume that jlj < Vj = 1,..., m, then m> 2 and the 
following holds: 

(a) either . 


/3 = - -b a/ 1 — 4am(l — a(A + 1 


(6.56) 
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2 < m < N + 1 


( 6 . 57 ) 


and in particular N > 1 in this case; 
(b) or, 


^ a < ]y^’ ^ e = ^ + 1 andp = 4{N + l)- 

and up to a rotation, Si is formed by the N + 1-roots of the unity. 

To establish Claim 3 we notice first that, according to Lemma r6.2l under the given assumption 
we have: jdj = 4, Vj = 1, and 0 < a < ^. To proceed further, we need to distinguish 

between the case where ’’concentration” occurs or not. In case of ’’concentration”, namely 
when (along a subsequence) the following holds: 

1 

then /3 = 4m and we can argue exactly as in Lemma 15.41 and Remark 15.51 in order to deduce 
that necessarily: N gN, m = A^ + l and /3 = 4(iV + 1). So necessarily in this case we must 
have that, 2 {N-i-i) ^ ® < 7v^’ exactly as in Lemma lOl we may also conclude that (up 
to a rotation) Si is formed by the N + 1-roots of the unity, as claimed in (6). 

In case ’’concentration” does not occur, then in view of (16.101) . we hnd that Vk is uniformly 
bounded, say in C^-norm, over compact subsets of \ S'!. 

Consequently, along a subsequence, we hnd that: 


fi,k 4 E Szj weakly in the sense of measures. 


Vk^v in Qoc(M^ \ Si) 
and in account of (|6.37l) and (|6.20l) we have, as A; —>■ -|-oo. 


Jr^ ’ 27r Ji^2 




4m 


and. 


^ m 

weakly in the sense of measures on compact sets of \ S'!, 


2=1 


{ei^k dehned in (|6.9I) '). 

In particular, from (|2.13D . we deduce the following identities: 


J_ f af3{P-4{N + l)) ^ 

Jr'^ 4(1 — a(A^-|-1)) 
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(6.58) 















/3(4-a/3) 

—-7— -T- = lim 

4(1 — tt(A^ + 1)) fc^+cx) 


-f 

27r Jr- 


o^k — 


= lim — 


£1 = 4m; 


k —^^00 27r J '^2 

with m > 1, and /3 = ^ /g 2 e“’' + 4m. Furthermore the limiting function v satisfying: 


(6.59) 


-An = + 87 r^ 4 ,, in 

i=l 

e“’' G L1(M2) 


(6.60) 


From ()6.58p we see that j3 > 4(A + 1). In addition, we can use ()6.59p to solve for /3, and 
obtain (I6.56p . 

To establish (I6.57p . we note first that, if we take m = 1 in (16.601) . then we can use p3.3p . with 
w{x) = v{x + zi) + 41og |a:|, b = a, and N = —2a, in order to find that. 


1 




(6.61) 


and so, /? = 4 — 4 in this case. Bnt this is impossible, since for /3 = 4 — 4 and m = 1 the 
identity (j6.59D is not satisfied. Thus, we must have that, m >2. Furthermore, by recalling 
that (3 > 4(iV + 1), then for 2 (n+i) < ^ we can can derive (I6.57P directly from (16.561) . 

To treat the case; 0 < a < 2 (n+i) relate problem (16.601) to the construction of conformal 
metrics in the Riemann sphere with constant curvature equal to one and conical singularities. 
To this purpose let us introduce the function: 


u(x) = ^v{x) + ilog(|), 

satisfying: 

' m 

—Au = + ATTo^^bzj in 

< i=i 

e^-dx = ^{P-4m), 

7 R 2 2 

with /3 given in (|6.56p . In other words. 


Furthermore, 


T/ 

27r Jr- 


= 2 — 2am — 


4am(l — a{N + 1)) 

1 + ■\/l — 4am(l — a{N + 1)) ’ 


(6.62) 


(6.63) 


(6.64) 


m(x) = —-/3 log |x| + 0(1), as |x| ^+ 00 . (6.65) 

Therefore, (by using complex notations) via ”compactification” of C, we can consider the 
Riemann sphere: M = CU{+oo}, with the conformal metric g = e^'^dx, so that {M,g) admits 
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conical singularities at the point Zj with relative angle: aj = 27r(l — 2a) G (0, 27r), j = 1,m 
and at oo, with angle: 


CXc. 


= 27r(l + (-/3 - 2)) = 27r 1- 


4am(l — a{N + 1)) 

1 + 


G(0,27r), (6.66) 


and away from the singularities, the surface admits constant curvature K = 1. In this way, 
we see that (16.641) just expresses the Gauss-Bonnet formula for a compact surface {M,g) with 
conical singularities, as it can be formulated as follows: 


J-f 


^2u 


= ^dvg = xiM) + ^{^-l) + { — -1 


IM 


m 

E 

i=i 


ai 


2-k 


CXc. 


2-k 


(6.67) 


with x(M) the Euler characteristic of M, and so x(M) = 2 in our case. 

Incidentally observe that, for < a < ]y^, the right hand side of (|6.64p defines a 

decreasing function with respect to m, and it vanishes exactly at m = N + 1. So the 
condition 2<m<N + lis again easily established in this case. More generally, since each 
angle at the singularities is positive but less than 27r, on the basis of well known results of 
Troyanov [52] and Luo-Tian |l0] , we can formulate necessary and sufficient conditions on the 


values: 9i = ^ — 1 = —2a, i = I, .., m, and 9oo = ^ — 1 =- 4am(i a(Af-i-i)) order 

to ensure the existence of such singular sphere-like surface, or equivalently to guarantee the 
solvability of (|6.63l) . More precisely, from [52] and [40] we see that problem (16.631) admits a 
solution if and only if: 


and 


9i> 9j + 9oo-, Vi = l,...,m (6.68) 

i^j=l 


9oc>Y,^J^ ( 6 - 69 ) 

(cfr. m, [in])- 

We easily check that for 9i and 0oo specified above, m G N and 0 < a < the conditions 
(I6.68P and (|6.69l) are exactly equivalent to the condition: 2 < m < N + 1, as claimed in (a). 

Finally, we treat the case where 0 G Si. We know that this situation may occur only for 
0 < a < (see Claim 1). 

Claim 4- if0<a< 2 {n+i) 0 G Si then Si = {0} and /3 = ^ — 4(A^ -|- 1). 

By virtue of Claim 2, if by contradiction we let Si \ {0} = {zi ,..., Zm} then for fdj = l3o(zj) 
given in ()6.27p . we have /3j < ^ V j = 1,..., m. In other words, (|6.50p holds and we can 
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argue exactly as in Lemma 15.41 and Lemma 15.61 in order to rule out the possibility that 
’’concentration” occurs. 

Therefore, as above, we see that (along a subsequence) we have: 

Ufc —)• u uniformly in \ Si) (6.70) 

with V satisfying; 


—Av = + 87r{N + l)(io + in 

= 

Moreover, as in (I6.59j> . we find: 

/3(4 - a/3) 




3=1 

aP{/3-A{N+ 1)) 

4{l-a{N + l)) ■ 


(6.71) 


= 4:{N + 1 + m) and /3 = — [ e°‘'^dx + A{N + 1 + m). 

2vr 


4(l-a(Ai + l)) 

By solving for j3 in the first identity of (|6.72p . we obtain: 


(6.72) 


/3 = ^ (^1 + - 4a(iV + 1 + m)(l - a(Ai + 1))) . (6.73) 

To ensure the integrability of e“^, we must have that /3 > f, and so m G N must satisfy: 

(l-2a(iV + l))2 , 

4a(l-a(Ai + l) ^ ^ 

Notice that (j6.74H already requires that o > 0 is sufficiently close to zero. Furthermore as 
above, by a solution v of (I6.7ip we can define u via (I6.63p and obtain the conformal factor 
for a metric g = e^'^dx over the Riemann sphere M = C U {+oo}, which admits conical 
singularities at the origin with angle ao = 27r(l — 2a{N + 1)) G (0, 27r), at the point Zj with 
angle aj = 27r(l — 2a) G (0, 27r), j = 1,..., m, and at oo, with angle: 




= 27r 1 - 


4a(iV + 1 + m)(l — a{N + 1)) 


G (0,27r). 


1 + - 4a(iV + 1 + m)(l - a{N + 1)) 

while, away from the singularities, the surface M admits Gauss curvature K = 1. As above, 
we obtain the following Gauss-Bonnet formula for the given ’’sigular” surface {M,g): 


— [ = — [ Kda„ = 2 — 2a(N+l + m) -^ 

27r V 27r 7 m 1 + 


4a(A -I- 1 + to)(1 — a{N + 1)) 


— 4a(A -I- 1 -I- m)(l — a{N + 1)) 


. (6.75) 


As already mentioned, from [52j and m we obtain the following necessary and sufficient 
conditions on the values: 6oo = ^ ^ ~ 1 and = §: ~ Ij 7 = 1) for the 

solvability of (|6.71l) : 
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Goo > ^0 + 'y ^ (^j 5 ^0 > ^oo + y ^ dj ) > y ^ % + ^oo + ^Oi Vz — O ,...,m (6.76) 

j=i j=i *^i=i 

In other words, problem (I6.7ip is solvable with j3 satisfying (16.7,'Ij) . if and only if, for m G N 
satisfying (16.740 . there holds; 


Ooo 

-2a{N + l) 
—2a 


—4a(A^ + 1 + m)(l — a{N + 1)) 

1 + - Aa{N + 1 + m)(l - a{N + 1)) 

> —2am + 9oo, 

> — 2a(^N + TTi) -|- 9^0 


> -2a(iV + l + m),(6.77) 

(6.78) 

(6.79) 


But actually we can check that, under the given assumptions, the inequality (|6.77p is never 
satisfied. Thus we conclude that necessarily Si = {0} as claimed. 

Furthermore, by virtue of (|6.10p . we can rule out again the possibility that ’’concentration” 
may occur. As a consequence, we find that /3 must satisfy (|6.730 with m = 0, which for 
0 < a < 2 {n+i) gives that: /? = | - 4(AI + 1). 

Equivalently, since v in (|6.70p now satisfies: 


J -Av = + 8tt{N + l)(5o in 

< oo. 

we can use p3.3p (applied with b = a and w{x) = v(x) + 4(A' + l)log|x|) to find that: 
^ /r 2 e'^^dx = ^ — 8{N + 1) and so /3 = /3o + 4(A' + 1 ) = 4 — 4(_/V + 1), as claimed. 


At this point, the proof may be completed simply by a direct consequence of the four Claims 
established above. □ 

Corollary 6.6. 7/5/0 then /3 = max {4(A^ + 1), 4 — 4(_/V + 1)}. 

Proof: In case < a < then the desired conclusion; fd = 4(iV + 1), has been 

already established in part {ii) of Corollary 15.101 Hence, let 0 < a < 2(w+i) ’ observe 
that, if 5 / 0 then 0 G Si. Indeed if xq G 5, then 3 Xk ^ xq : u{xk) oo. Therefore if we 
let, Zk = ^ "we find: Vk{zk) = Uk{xk) + ^log Rk —>■ +oo and Zk ^ 0, as k ^ +oo. So now 
the desired conclusion follows by part (ii) of Theorem 16.51 □ 


On the other hand, when the blow-up set 5 of Uk is empty, we may also conclude the 
following: 
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Corollary 6.7. If S (blow-up set of Uk) is empty but Si (blow-up set of Vk in (16.7p ) is not 
empty, then ’’concentration” occurs for if and only if: 

o 2 

S'! C \ {0} and 3xq ^ Si : IxqI = 1 with (Io(xo) > - (6.80) 

a 

(I3o{xq) defined in (|6.1.SI) ) unless 2 (n+i) ^ a < ]v^, N ^ N, ft = 4{N + 1), and (up to 
rotation) Si is formed by the + 1 roots of the unity. 

Actually, when (|6.8U|) occurs, we can complete the description of the blow-up behavior of 
as follows 

Corollary 6 . 8 . Let (in complex notation) Si = {zi,Zm} C \ {0}, and assume that 
Pi = P{zi) > ^, ( i.e. (|6.80p holds ). Then either m = 1 and P = ^, or N > 1, m > 2, and 
the following holds: 


Furthermore, 


N{l-a{Pi/A)) 
2(1 - a) 


E 


zi 




9 “ ^ 


2 ^ Zi — z. 

i^j=2 ■> 




i=2 


Zi - Zl 


-, j = 2, ...,m. 


(6.81) 


, 2 ^ 2(m-l)(l-a(iV+l)) , 

- N -+ 


1 - 


2(m — 1)(1 — a{N + 1)) 
N 


4(m — l)ma ,, , ^. 

+ ^ - {l-a{N + l)) 


and (j6.43p . ()6.44p and ()6.45l) hold. 


Proof: Since ’’concentration” occurs for Vk, in the sense that, 

^ m 

—fik Pibzi + 4 > 5zi weakly in the sense of measure 
i=i 

then we can simply argue as in the proof of Lemma [5.41 in order to deduce (|6.81ll . we leave the 
details to the interested reader. The remaining part of the statement has been established 
above. □ 


Remark 6.9. Observe that if Uk is radially symmetric, then either S*! = 0 or 0 G since 
the radially symmetric function Vk attains its maximum value at the origin. As a consequence, 
in the radially symmetric case, we get that either P = ^ ~ a ~ consistently 

with what has been established in ISF- 
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Next we wish to investigate further the nature of the conditions (j6.43p and (16.441) . To this 
purpose, for a > 0 we consider the function: 


/(«) ( V (1 - + 1))" + - (1 - o(JV + 1)) ) ■ 


(6.82) 


In the Appendix we prove the following: 


Calculus Lemma: Let iV > 1. The function /(a) defined in (16.8211 is strictly monotone 
increasing for a G ^0, • Furthermore by setting: 

f-^— - l<Ar<4 

aj, = \ 2{N+i+^(N-ir+N2 - (g 33^ 

[0 A > 4 

we have: 

(i) /(a) > 1 if and only if A > 1 and < a < 

(ii) If 1 < A < 3 and a G ^0, 77 ^) then /(a) < 2. 

Remark 6.10. From part (i) of the Calculus Lemma it follows tha,t for 1 < A < 4 and 
0 < a < ajsf (on defined in (j6.83p ) then in part (Hi) of Theorem 1 6. 5\ only the first alternative 
ean occur. While, if 1 < N < 3, on < a < then in part {Hi) of Theorem \6.5\ the second 
alternative can occur only with m = 2, and we can use ()6.8ip in order to locate the blow-up 
points. 

In conclusion, we can summarize the results established above as follows: 

Corollary 6.11. If N ^ (0,1), 0 < a < 7 ^^ and S' = 0 then fi = 

Corollary 6.12. If N > 1, 0 < a < 7 ^^ and 5 = 0, then /3 takes one of the following 
values: 


i) P = -a, 


a) ft = ^(1 + y/l — 4am(l — a(A + 1))), with m G N and 2 < m < N + 1; in particular 
A > 1, in this case; 

lii) /3 = i ^ (1 - 2(m-l)(l-a(jV+l)) ^ ^ ^ 4(rn^)r^ _ a( , 


with 


mGN, l<m — 1< 


2a 


'(l-a(A + l))2 + 


Na 
1 — a 


-(l-a(A + l)) 
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and (I6.45P holds. In particular > 1 and < a < 2 {n+i) defined in (I6.8,4p ). in 
this case . 

iv) fi = 4(A^ +1), provided that iV € N and 2 (n+i) < « < ]v^ ~ I — 4(A^ +1), provided 

that 0 < a < 2 {n+i) ■ 

□ 


7 The case < a < 1 

In view of part {ii) of Corollary 15.91 we know that if 0 ^ S' then (5 = 4(A^ + 1). Hence, we 
need to investigate what happens when we assume, 


Let, 


so that, 


0 G 5. 


/3o := lirn lim — / fk{x)dx 
r—>0A:^+oo ZTT J\x\<r 




^4(iV + l) 


For small e > 0 (to be specified later) we let > 0 be such that: 


2tt 


'\x\<rk 


fk{x)dx = -e 


Clearly by (|7.2I1 and (I7.4p . we see that 


We set, 


which satisfies (|6.8n with. 


Tfc —>■ 0, as /c —+ 00 . 


Vk{x) = Uk{rkx) + -logrfc 
a 


f(a(7V+l)-l) 

ei,fc = —>• U, as /c —>■ +00 

We use the notations of the previous section, so for example, we let 


Vk{x) = Uk ( 7^ ) + fik log 

xr / \x\ 


(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

(7.8) 
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which satisfies (|6.12p . Also we denote with and Si the (possibly empty) blow-up set of 
Vk and Vk respectively. Clearly Lemma 16.21 applies to v^. 

We start to analyze the case where: 


1 


A^ + 1 


< a 7 ^ 1 < min < 1, 


A^ + 1 


and 0 G S'. 


Lemma 7.1. Assume (|7.9p . then for e > 0 sufficiently small, 


lim lim — 
R — h —^-j-oo 27r 



fl,k = 0 


In particular, for j3 > 2{N + 1) we have: 0 ^ Si. 


Proof: We start to show the following: 


(7.9) 


(7.10) 


Claim: If < a < min |l, or N > 1, a = and /3 > 2{N + 1) then 0 ^ Si. 

We argue by contradiction and assume that 0 G Si. In view of our assumption, we can use 
part (ii) of Lemma 16.21 toEfether with (|7.4I1 in order to conclude that, 

/3 + e-->/3oo>2/3-4(A + l) (7.11) 

a 

Therefore, if < a < then from (17.1111 we deduce that, 

- < 13 <4{N+ l)-- + e (7.12) 

a a 

which is impossible, provided we choose e G (O, | — 4(A^ + 1)). 

On the other hand, for > 1, = a < I and (3 > 2{N + 1) it suffices to choose 

e G (0, /3 — 2{N + 1)), to obtain from ()7.12l) a contradiction as well. 

So it remains to analyze the following situation, 


IV > 1, 


a = 


2 

N + 1 


< 1 and f3 = 2{N + 1) 


By virtue of (|7.4I1 . from (I7.13p we find that 


4 

a 


(7.13) 


1 



fi^k{x)dx = £ 


Therefore for e > 0 sufficiently small, we can argue as in Lemma 14.211 in order to deduce 
that. 


lim lim f = 0. (7-14) 

R-^+oo fc-)-+oo 
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On the other hand, since for /3 = ^ we have that, 


ei,fc 


f = [ 

JR2 Jr- 




/3(a/3 - 4) 


4(a(A^ + l)-l) 
and we conclude that (|7.10p holds in this case as well. 


= 0 , 


□ 


Proposition 7.2. Assume ()7.9p and let he defined in ()7.6p with Si its (possibly empty) 
blow-up set. 


i) 0 i Si, 

a) if Si contains at most one point then /3 = 

Hi) if Si = {zi, ...,Zm} C \ {0} with m > 2, then N > I and for fij = /3o{zj) defined in 
(I6.27p . j = 1, the following holds: 

a) ’’concentration’’ occurs (i.e. (I6.48p holds) if and only if 


2 

max > — and 2 < m < N + 1, (7.15) 

i<j<m ■’a 


unless N £ N, m = N + 1, fi = 4(A^ + 1) and in this case Si is formed (up to rotation) 
by the + 1 roots of the unity. 


b) In case ’’concentration” does not occur, then N > 1, a £ 
V j = 1,..., m; and (I6.56p . (|6.57H hold for /3. 


1 2 
7V+1’ N+l 


O (O, 2 ), fij — 4, 


Proof: 

Recall that. 


7 ^/ fi,kix)dx = - - s, (7.16) 

2vr y|j,|<i a 

so by (|6.16p we deduce that necessarily 0 ^ 5i. 

Concerning ii), we see that in case = 0, then we argue essentially as in Theorem 16.51 
and by taking into account (j6.37D we may conclude that fi = ^ as claimed. Similarly, in 
case 5i = {^i}, we check first that ’’concentration” must occur. Indeed, if otherwise, then we 
would get, as in Theorem l6.5[ that /? = | —4, which is impossible for a > Consequently, 

([6]) holds and yields to the following identity: which must hold with 

fi = fii. But this is possible only for /3 = ^. 

Next, let Si = {zi, ...,Zm} C \ {0} with m>2 and 4 < < |, for all j = 1, ...,m. 

We observe that ’’concentration” occurs (or equivalently (16.481) holds) if and only if (by taking 
into account (I6.17p l the following holds: 
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/5 = Eft- 

i=i 


and 


- m 

~ ^ (/^i “ 


1 — a 


j=i 


/j(4(iV + 1) - /3) 
a{N + l)-l ' 


(7.17) 


In case Pj = 4, for every j = 1, then necessarily N G N, m = N + 1 and 

with suitable ^ 7 ^ 0 . 

But from (j7.16jl . we see that necessarily |^| = 1, and so (up to rotation) Si is formed by the 
{N + l)-roots of the unity. On the other hand in case, 


/3* = max{/3j,j = 1, ...,m} > 4 

then according to (16.191) we see that necessarily /3* > ^, and in) — a) is established . 

In case ’’concentration” does not occur then 13j = 4, for every j = 1,..., m, and as in Theorem 
16.51 we deduce that, [3 < 4:{N + 1) and 


/3 = -(1 + v"! + 4am(a(A^ + 1) - 1)) (7.18) 

a 

Since for a > ]y^, the expression in the right hand side of (|7.18p is monotone increasing 
with respect to m, and it attains the value 4(A^ + 1) for m = iV + 1, we find that necessarily 
2<m<N + las claimed. □ 


Remark 7.3. Notice that for 1 < < 3 and a G 


then only alternative a) can 


2’ N+1 

occur in Hi). Actually, it is interesting to investigate whether alternative b) can occur at all, 
also in view of the geometric problem (|6.63p . whieh relates to the existenee of a conformal 
metric in the Riemann sphere with constant curvature equal to one and conical singularities. 
Indeed, we see that for a > the angle Ooo in- (| 6 . 66 p . corresponding to the singularity at 
00 , is bigger than 2 tx, and consequently, the conditions (I 6 . 68 P and (|6.69l) are only suffieient 
but no longer necessary to guarantee the existence of such metric. In such situation, more 
involved necessary conditions about the angles at the singularities have been introduced by \2(ff . 

and |5^ in some specific cases. However, it is not clear yet which should be 
the appropriate set of necessary conditions in general, and in fact, it may he possible to rule 
out the occurence of (|7.18p in certain cases. 


By combining the results above with those in Lemma 15.111 we conclude: 
Corollary 7.4. Let < a < and suppose that S $ we have: 


i) if N ^ (0,1) then (3 = 

ii) if N = 1 then either (3 = ^ or (3 = A{N + 1) = 8 and in the latter case Si = {zi, —zi} 
with \zi\ = 1. 
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□ 

Remark 7.5. We mention that, by following the arguments in it is possible to rule out 
the second alternative in ii), and show that actually the following holds: 

12 4 

if N ^ (0,1] and - < a < - then (5 = -. (7.19) 

^ ^ A^ + 1 “lV + 1 a ^ ^ 

Details will be given in a forthcoming paper. 

Proposition 7.6. Let > 1 and < a < then one of the following alternatives 
holds: 

i) P = 

ii) IV eN andf3 = 4{N + l) 

Hi) /3 E (^,4(iV + 1)) and for some m E N, 

a) either a E ^-/y^j and 

P = -(1 + y/l + 4:am{a{N + 1) — 1)), with 2 < m < N + 1 (7.20) 

b) or P = Xljli f^j Pj ^ \_^i |] furthermore: 

/3? = yjifji 2 < m < N + 1 -max{0,1 — 2a} (7.21) 

i=i 

Proof: By virtue of Proposition 17.21 it remains only to check (I7.2ip . To this purpose, it 
suffices to use (17T7]). with /3 = Er=i Pj. For what concerns the claimed upper estimate on 
m E N, we recall that P < 4(A^+1) and from (I7.20p and (|7.21|) it is easy to see that necessarily, 
2 < m < N + 1. On the other hand, in the alternative Hi) — b) and for a E ^ 77 ^, there 
holds: I + 4(m — 1) < /3 < 4(iV + 1), and this yields to the improved estimate for m in (|7.2ip . 

□ 

Remark 7.7. By using (17.211) and the fact that P E (^,4(A1 + 1)) we see that in alternative 
Hi) — {b) the following estimates holds: 

™ /4\ 2 

then 16(A^ + 1 ) < < ( ~ j 

then min|l6{JV + l),(l) | < g ^)| < 

(7.22) 


■r 1 / 2 

if < a < 


iV + 1 


A^ + 2 


■r 2 ^2 

if < a < 


N + 2 


A^ + 1 
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In the following section, we shall construct an explicit example where the alternative in) — b) 
actually occurs with all /3j’s that coincide, namely: /3i = ... = /3m > ^ for every j = 1, ...,m. 
For this reason we point out the following general facts concerning such situation. 

Corollary 7.8. In altenative in) — b) of Proposition |7.h| we have that all the (3j’s coincide 
(i.e. /3i = /32 = ... = Pm) if and only if 

47V777/ TV 

/3 =--r-r- 7 -r-, with 171 ^ H, 2 < m < N +1 -maxIO, 1 —2aj. (7.23) 

(a(AI +1) - 1)+ m(l - a) 1-a i \ i 

In particular, 


Pi — P2 — — Pm — 


m 


> 


{a{N + 1) — 1) + m(l — a) 
and the blow-up set Si of Vk is formed (up to rotation) by the m-roots of the unity. 


(7.24) 


Proof: We observe first that, P) > hP"^ and equalitv holds if and onlv if all the Pfs 

— J- J Tfl J 

coincide. 

But from (j7.21D we see that P'j — satisfies (I7.23j) . and so (|7.24l) 

must hold. 

To obtain the given estimate on m in (I7.23|) . we recall first that 2 < m < iV + 1, but from 
(I7.24P we find also that, 


2 < m < 


{N-l)a + l 
1 — 0 


(7.25) 


and we arrive at (j7.23l) . Concerning the blow-up set Si = {zi, ..., Zm} C \ {0} we know 
that. 


^ m 

X—/l,fe ^ Pi E 5z. weakly in the sense of measure, locally in 
^ 3=1 

and therefore we can argue exactly as in Lemma 15.41 to derive that, as k ^ 00 


1 


- / V(log|z|^^'')|zl^^^e 


2N\\ \2N Vk , 2jV/3i(4 — a/3i) Zj _ 


27r 


4(1-o) \ziP 


E 


2:7: - 27 


’Bsizi) izir 

Thus, by using complex notation and (17.241) . after explicit calculations, we hnd that. 


r, V i = 1, ...,m 


m—1 

(m-l) = 2 ^ —, V i = 1 , 2 ,..., m-, 

and this property just gives the equivalent of (|5.37p with m in place of A^+l. Therefore, we can 
argue exactly as in Theorem 15.81 in order to conclude that necessarily: zj^ = ^O) Vj = 1,..., m, 
and with ^0 = (—1)™'“^^! • ... • Zm- 
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1, Vj = 1, and the proof is 


Moreover, in view of (|7.16ji . we see that necessarily: \zj 
completed. 

□ 

Finally, we complete our analysis by considering the case where (I7.9p holds with. 


> 1 and -< a < 1 

+ 1 


(7.26) 


Proposition 7.9. Assume that dm) and (|7.26l) hold. Then /3 > 2(A^ + 1) and either (5 takes 
one of the values specified in alternative ii) — Hi) of Proposition (HJl) or it satisfies: 


2(N+ 1) < fi <4(N+ 1) (7.27) 

a 

Proof: Clearly fi > 2{N + 1), and in case fi = 2{N + 1), then obviously it satisfies (I7.27p . 
Hence, let us assume that fi > 2{N + 1), and for e > 0 sufficiently small, we consider the 
sequence Vk dehned by (17.41) and (17.61) . and observe that in this case, 0 ^ 5i. 

In case Si = 0, then necessarily 0 G Si and /? = f + fioo with /3oo in (|6.21l) . Furthermore, by 
(I6.22j) . we hnd that: fioo > 2/3 — 4(A^ + 1), and we conclude that (I7.27p holds in this case. 
Next, we suppose that Si 0, and we distinguish between two situations, namely: 


either 3 e > 0 as small as needed: 0 ^ Si 


(7.28) 


or V e > 0 sufficiently small: 0 G Si (7.29) 

If (j7.28l) holds then Si = {zi, ..., Zm} C \ {0} with m > 2, and as above, we may conclude 
that in this case, /3 must satisfy either one of the alternatives ii) and Hi) in Proposition (|7.6I) . 
In case (j7.29l) holds, then we can apply part Hi) of Lemma [62] to Vk, and obtain that for fioo 
in (j6.2ip we have: 

/3oo < /3 — - + e and fioo — 4(At + 1), Ve > 0; 
a 

and from such estimates we derive the upper bound on /3 as given in (17.271) . 

□ 


7.1 An example 

We recall that for a G (0,1) the problem: 

-AI7 = e“^ + e^ in M^, 

{e°^ P(P)dx = fin, 
27r 


(7.30) 
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admits a solution if and only if: max|4, ^ ^ a' Furthermore, up to translation, 

the solution is radially symmetric about the origin and it is uniquely identified by /3o- We 
refer to [l3l 01] for details. 

Hence, we fix /3o such that: 

4(1-0)) ^ 4 

max < 4,-> < /3o < -, 

[ a J a 

and let uo(z) = uo{r) be the corresponding unique radial solution for (|7.3np 
using complex notations, and so for given mi G N we define: 

[/fc(z) = gC\{0} 

Clearly, is not radially symmetric about any point and it satisfies: 

—AUk = {mi + 1 )^ _|_ ^Uk'j ^ 

' (mi + 1)2 (e“^'= +e^^) = (mi + l)/3o 

JM? 

In turn, if we let 

Uk{z) := Uk + ("^1 + = "“o ^ -^1+1 - - /?o log (7.34) 

then Uk can be extended smoothly at the origin, and it satisfies: 


(7.32) 


(7.33) 


(7.31) 

. As usual we are 


'-/\Uk = (mi + 1)2 ('|2|'^(™l+l)/3o-2(mi+2) ganfc ^ |^|(mi+l)/3o-2(mi+2) ^ 

F(mi + 1)2 / ('|^|a(mi+l)/3o-2(mi+2) ^ (™+l)^o_2(m+2) ^ ^ 


Therefore, whenever it is possible to choose /3o such that, 

4(1-a)) 4 


^ 2(mi + 2) / 

with 0 < a < 1 and m, € N, and if we replace ut(c) with Uk ( 
obtain a sequence of non-radial solutions for the problem: 

—Auk = , 


m+1 


27r /r 


,auk 


+ H6“'= = 


2N m] ^ 2N_ 


1—a 


with 


(7.35) 

then we are able to 

(7.36) 


N = N{mi,a) = 


{mi + 2)(1 - o) 


(7.37) 
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To this purpose, for a G ( 3 , f) we set 


2a 

l-2a 


if I < a < ^ 


rria 


< +00 

2(l-a) 
2a-1 


if a = i 
if i < a < |, 


(7.38) 


then nia = rrii-a, and by direct calculations, we check that, (|7.35p holds if and only if 


a G 



and mi G N : 1 < mi < ma- 


At this point, by assuming (j7.39l) . we take. 


(7.39) 


and we show that. 


G C : l^fcl ^ + 00 , as k ^ 00 


(7.40) 


Ukiz) := uq 


'mi + 1 


mi+l 


- - /3o log 


mi + 1 


mi+l 


(7.41) 


defines a solution sequence of (I7.36p - (j7.37li . which admits a blow-up point exactly at the 
origin, namely S = {0}. 

Furthermore, by setting: 


rk = {mi + l)|Cfc| ""i+i, as —)■ +00 


(7.42) 


and 


Vk{z) = Uk{rkz) + - log(rfc) 


(7.43) 


we shall show that Vk blows up at exactly (mi + l)-points, say zi,Zmi+i, which (after a 
rotation) correspond to the (mi + l)-roots of the unity. Moreover, for the relative (3j defined 
in (I6.27p . we have: Pj = /3o, Vj = 1, ...,mi + 1, with /3o in (|7.35l) . 

In other words, Vk admits precisely the blow-up behavior described by Corollary 17.81 and 
accordingly the value of /3o in P7.35I) matches with that in (|7.24p when m = mi + 1 and N in 
given by (|7.36l) . 

To check that Uk blows~up at the origin, it suffices to take Zk G C, such that: 

so that ^ 0 and Uk{zk) = uo(0) + /3o log |^fc| + 00 , as k ^ + 00 . 

Furthermore, by recalling that, for every R > 0 there exists a suitable constant C = C{R) > 0: 


mi+l 


wo(??)+/3olog|r/| < c, V |r/| > ii 


(7.44) 
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we see that, for every compact set K CC C \ {0} there holds: 


supttfc —)■ —oo as k ^ + 00 , 

K 

and we conclude that S = {0}. 

Concerning Vk = Vk{z), in (|7.42l) - (l7.43p . we find: 

+ (pptr) - + 1 

= Uo ^141 ~ ~ + l)log l^l + ^log(|Cfc|(mi + 1)) 

Therefore, by setting: ||^ = e*®*", 9^ G [0, 27r), and assuming that: 9^ ^ 6q G [0, 27r), then we 
see that. 


and. 


, 9t,+2,rO-l) , en+2,rb-l) 

Zj,k ■= e ™i+^ e ""i+i ■= Zjj i = 1, + 1, 


2 

Vk{zj,k) = itoW + -logdlfcKmi + 1)) + 00 , 

as A; —>■ + 00 . 

Moreover, we can use once more ()7.44l) . in order to check that, for every compact set K C 
C \ {zi,Zmi+i} we have: 

supufc —>■ —oo 
K 

as A: —)• + 00 . 

Hence the blow-up set of Vk is formed (up to rotation) by the (mi + l)-roots of the unity 
and ’’concentration” occurs. Similarly, we may also check that 0 ^ 

Finally, by using (17.451) and the natural change of variable: z {^Zj,k + (mi+i)|gfc| ) find: 


1 


1 




+e^^)\dr]\+o{l) 


(ga«. + ^^\z\‘^^e^'^)\dz\ = 


1 


/ ^ 

7r2 


e““° + e“°) \dT]\ = /3o, as A; ^ oo. 


and so we obtain that. 


(3j = lim lim — [ (e“^'' + = /3o, Vj = 1, ...,mi + 1 

S^Ok^oo 27r JBs{zj) 

as claimed. 


70 

















8 The case a > 1 


In view of part i) of Corollary 17.41 and Corollary 15.131 it remains to analyze the case where: 

a > 1 and 5 = 0 (8.1) 

To this purpose, for e > 0 sufficiently small, we let > 0 be defined in (I7.4p . In view of 
m) we have: 


rfc —>• +00. 

Therefore, in this case we consider the following new scaling for Uk- 


Vk{x) = Uk{rkx) + 2{N + 1) log 

which satisfies: 


-Aufc = e 2 ,fce“^'' + \x\^^ := f 2 ,k{x) in 

' 1 f 

t^k-=7r f 2 ,k{x)dx. 


with e 2 ,fc = x 


2(l-a(Af+l)) 

k 


and so, 


( 8 . 2 ) 


(8.3) 


(8.4) 


^ 2 ,k 0, as /c —>■ oo. (8.5) 

By using the notation above, we let Vk as defined in (j7.8l) and denote by Si and Si the 
(possibly empty) blow-up set of Vk and Vk respectively. 

Clearly problem (I8.4I) ~ (I8.5I) satishes the assumption (I4.83p . and therefore we may apply 
Proposition 14.221 and its consequences to Vk or Vk- Indeed, exactly as for Lemma I6.2I we 
can use Proposition I4.241 Proposition I4.25I together with Corollary I4.261 Corollary I4.27I and 
Proposition I4.28I in order to obtain that the analogous of the properties in (|6.16D , (I6.17p , 
(I6.22P and (|6.23p hold for Vk and Vk respectively. In particular, we can check that the follow¬ 
ing holds: 

Lemma 8.1. Let 0 < a / 77 ^' V xq G 5i and 
/3(xo) = lim lim ^ / f 2 ,k{x)dx 

r^Ok ^+00 27r JBrixo) 

= limlimf^/’ + ^ [ \x\^^:=/3o,iixo) + Mxo) 

r^Ok^+00 ylTT JBrixo) JBrixo) ) 

then, by setting 
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Nixo) = 


N if xo = 0 
0 if xo^O 

we have that /3o, 1 ( 2 ^ 0 ) o,nd f3o^2ixo) satisfy (I6.16p with N = N{xo), and in particular, 


- < P{xo) < 4:{N{xo) + 1 ). 

a 


( 8 . 6 ) 


Furthermore, 


if CL <2 or /3(xo) > 2 then f 2 ^k fdodxQweakly in the sense of measures in Bs{xo) 

(8.7) 

4 

if f3(xo) < 2 then /3(xo) = — and a > 2 in this case. (8-8) 

a 

IfO^Si and ft > max{2(A^ + 1), then 

/3oo ■= lim lim f / 2 ,fc(x) dx > 2/3 - max{4(iV + 1),-} (8.9) 

R^-\-oo k^-\-oo ZTT J\x\>R ^ 

□ 

By applying the results above to the sequence in (|8.3p we find: 

Proposition 8.2. Assume we have: 

• If Si = 9 then ft = 4(iV + 1); 

• If Si $ then Si = {zi ,..., Zm} with \zj\ > 1 and ftj := f{zj) G 4] Vj = 1,..., m. 
Moreover, 

i) if N G (0,1) and 0 < a < then ft = ^ and 0 ^ §1 for a / ; 

a) if a > niax{l, ^y^} then either ft satisfies (I7.27D . or 0 ^ 5i and ft satisfies one of the 
following: 

/3 = 2{N + l + ^{N + iy- ^{a{N + 1) - 1)), (8.10) 

with m € N and 1 < m < ^ (^+ 1 )° ^ a(Af+i)-i ® ^ 
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m m 

/3 = ^ [3j, max (3j > 2 and ^ /3| 
i=i j=i 


/3(4iV - (1 - a)/j) 

a(Ar + l) -1 


with m G N anc? 2 <m < a{N + 1) — max {O, § — l}. 


( 8 . 11 ) 


Proof: If 5i = 0 then (along a subsequence) we have: 

Vk^v in 

with V satisfying: —Av = \x\‘^^e'’ in and such that, \x\‘^^e^ € L^(M^). Consequently, 
/3 > ^ /r 2 = 4(A^ + 1), and since /3 < 4(A^ + 1), we may conclude that, /3 = 4(iV + 1) 

as claimed. 

If S'! 7 ^ 0 then, by recalling that. 


I 


J\x\<l 


4 

-e 

a 


( 8 . 12 ) 


we may use (18.611 to conclude that if xq G Si then |xo| > 1 and (d{xo) G [|,4:] , Vj = 1, ...,m. 
So Si = {zi, ...,Zm}, and if we assume that. 


N G (0,1) and 0 < o < 


2 

N + V 


(8.13) 


then we can use (|8.7I) in order to show that. 


weakly in the sense of measure , (8-14) 

j=i 

lim ( lim ^ / f 2 ,k{^) dx] = 0. 

R-^+cxi \^fc^+oo 27r J\x\>R J 

To check (j8.15p . we observe first that, 0 ^ Si when 1 < o < 

/3 > 4 > 2(A^ + 1), and if otherwise then from (18.91) we would find, 

/3oo</3--and/3oo>2/3-4(iV + l), (8.16) 

a 

that is: 4 < 2{N + 1) < /3 < 4(iV + 1) — 4^ in contradiction with (|8.13p . Similarly, we 
check that 0 ^ Si also in case, a = but /3 > 2(A^ + 1). Therefore, (|8.I5p holds in such 
situations. 


(8.15) 


Indeed in this case, 


-/2 k 


locally in M^. We claim that. 
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Finally, if a = and f3 = 2{N + 1) = |, then m = 1 and /3 = /3i, and so (I8.15p is verified 
in this case as well. As a consequence of (I8.15D and Lemma 18.11 we obtain that (I7.17P holds 
together with the following: 


i=i 

On the other hand, from (|8.17p we obtain: < j3 < 4(A^ + 1), and by virtue of (|8.13D . we 

find that necessarily, 1 < m < 2. We can rule out the possibility that m = 2, since it can 
be attained only for a = ^ and f3 = 4{N + 1), but these values would make 

(j7.17p fail. Thus, m = 1 and by (I7.17p we find /3 = | as claimed. 

To establish ii), we simply need to treat the case where: /3 > 2{N + 1) and observe that, if 
in addition, we have that 0 E Si then (|8.16p holds, and it implies (I7.27p . Thus to complete 
the proof we need to show that, if 0 ^ Si and [3 > 2{N + 1), then either one of (|8.10l) and 
(18.lip must hold. To this purpose, we observe first that in this case (|8.15l) holds. 

We start to analyze what happens if maxj=i^,,,^m> 2. 

As in the proof of Proposition 17.21 we see that in this case ’’concentration” occurs and (17.171) 
holds, and it implies (jS.llI) . Since if we take m = 1 in (j8.11l) we obtain the value /3 = ^, while 
under the given assumption we have : (3 > 2{N + 1) > |, we deduce that necessarily: m > 2. 
Also notice that, if f3j < 2 for some j E {1, ...,m} then necessarily I3j = | and a > 2.Thus, 
when max|l, tv^} < ® < 2, then for ()8.17p we derive the estimate: < (3 < 4:{N + 1), 

which implies that, 2 < m < a{N + 1). 

While, for a > 2, then from (18.171) we obtain the estimate: 2 + ^(m — l)</3< 4(A^ + 1), 
which implies a better estimate on m, namely: 1 < (m — 1) < ^{2N + 1). Thus, by combining 
such information, we check that (|8.1ip holds in this case. 

Finally, in case: maxj=i^...^m< 2 then a > 2 and f 3 j = for every j = l,...,m, and in 
view of part ii) of Lemma 15.41 we see that ’’concentration” cannot occur. 

Therefore, 

f 6“’’'=)= lim (— [ 

Jm? j k^+oo \27r 7^2 J 4{a{N + 1) — 1) 
and from this identity easily we derive ()8.ini) . 

□ 


—m = lim 

CL k —^-j-oo 


£l,k 


27r 


k4 

a 


, Vj = 1, ...,m. 


(8.17) 


Remark 8.3. As before, the possibility for (3 to attain the value in (|8.10p is linked to the 
solvability of the following singular Liouville equation: 





dx = j3 — -m. 


(8.18) 
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with /3 specified in (jS.lOp . 


We know that, a solution of problem (|8.18ll can be interpreted as the conformal factor for 
a metric on the Riemann sphere with constant curvature equal to one and assigned conical 
singularities. In spite of the results in [5H], [SS], [3D], [3T], [2D], [3T], [32] and [ID], which 
characterize the existence of such metric in some cases, still it remains a challenging open 
problem to determine the appropriate set of necessary and sufficient conditions about the 
angle at the singularities so that such metric exists in general. 

Notice also that the value of /3 specified in (18.101) belongs in the interval {2{N + 1), 4(A^ + ’ 

and actually it coincides with the value: 4(AI + 1) — exactly when m = 1. Therefore, it is 
reasonable to expect that (|8.10p may occur only with m = 1. 

9 Appendix 

In this Appendix we provide the proof of some simple but technical Calculus lemmata, that 
we have used above. 

Calculus Lemma: Let N > 1. The function f{a) := ^ (1 — a{N + 1))^ + — (1 — a{N + 1 

satishes the following: 

(i) if a G (^0, then /'(a) > 0 and ^ < /(a) < 

(ii) /(a) > 1 if and only if A" > 1 and < a < with ajsf defined in (|6.83p . 

(hi) If 1 < A < 3 and a G ^0, 77 ^) then /(a) < 2. 

Proof : It is straightforward to compute: 

1 / (1-“(" + 1)) + -S(i-2(tG))\ 

Therefore /' > 0 if and only if 

(1““(a + i)) + I^(i-^(T^) + + ^ 

or equivalently, 

2(l-«(iV + l))(l-^)+^(l-^)%i (9.1) 

To check (|9.1I) we use (|6.55l) . so that, for 0 < a < we know that. 
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(9.2) 


Na 
1 — a 


< 1- (l-a(7V + l))^ 


Thus, we can insert (IM]) into o and derive the following estimate: 


1 - 


1 - 
1 


1 


Na ^ 

1-0 2(1-o) 

2 


2(1 - o) 


+ 2(1 -a(iV + l)) ( 1 - 

1 


1 


-(l-o(iV + l))^ 1- 


2(1 - o) 

2 


< 




1 


= 1 - 


2 ( 1 ^) + 


-1 +1 = 


= 1 - 1 + 1 - 


1 


2(1 - o) 


a(iV + l) 


“ +a(iV + l)(l- ^ 


1-0 


2(1 -o) 


(9.3) 


Since, for > 1 and 0 < o < we have: < 1, we see that (19.11) follows from (|9.3I) . 

Next, we observe that /(O) := lim^_^o+ /(o) = t ~ therefore for 

a e (o, ]v^) we have: ^ < /(a) < 

Consequently, for N G (0,1] we see that necessarily: /(o) < 1, for all a G ^0, ■ 

While, if > 4 and a G ^0, -^^^^then /(a) > ^ > 1. 

On the other hand, for 1 < A^ < 4 we find that, /(a) = 1 if and only if o = ajy = 

2(N+l+^'iN-ir+N^) ^ (°’ T^) ™ ^ if OAT < O < ^, 

as claimed in (i). 

Finally, for 1 < N" < 3 and 0 < a < we have: /(a) < < 2. 

□ 

Next, we point out some monotonicity property for the functions related to the expression 
(j6.52p and (|6.53l) . To this purpose, we consider 


= 1 - t + W (1 - t)2 + 2a{N + l)t - 


Na 
1 — a 


t2 


(9.4) 


which, for t = H(!ILT11L_0 ^ coincides with |/3jp and Pjq defined in (16.521) . 
Similarly we consider 


'ip{t) = 1 - s + w (1 - s)2 + 2as + 


Na 


(9.5) 


l-a(Ar + l) 

and notice that, for s = coincides with the expression of |/3, with /3 

given by (|6.53l) . 
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Clearly, for 0 < a < 77 ^, both functions 4> and V' are always well defined. 
We prove: 

Calculus Lemma 1: Let a E ^0, 77 ^) then the following holds: 

(i) < 0 and we have 


(t){t) > “ (1 ““(^ + 1 ))] =• ( 9 - 6 ) 


(ii) if 0 < s < =: Sa then ip'(s) < 0 , and in particular 


V’(s) > ^(sa) = a(N + l)+ W(1 - a(N + 1))2 + 


Na 
1 — a 


(9.7) 


Proof : By straightforward calculations, we obtain: 


m = 


(t^ - 1 ) (1 - a(N + 1)) - ^(l-t)2 + 2a(N + l)t-^t^ 


^(1 - t )2 + 2 a(N + l)t - 
and readily we see that, ((>'(t) < 0 for t < 1 — a. On the other hand, if t > 1 — a then 


0'(t) <0<t4> ( -(l-a(Ar + l))" < - 1 ) (l-a(iV+l))^(l-a) + a(iV + 2-a(iV+l)) (9.8) 


1 — a 


1 — a 


and so for 0 < a < 7 ^^ the inequality in (|9.8p certainly holds . 

Furthermore, by simple calculations we also find that g!>(t) > 1 if and only if f < faj with ta 
as given in dM]). 

Concerning (ii), we compute: 


^'(s) = -1 + 


®) (l-a(Af+l) 


= -1 + 


(1-a) 


(N+l) 


y^(l s )2 + 2 as + ^1 — 2(1 — a)s + 

and after straightforward calculations we find that, ifi'(s) < 0 if and only if : 



(1—a)s2 
-a(N+l) 


S 

l-a(N + l) 


< 1 + 



2 — a 
N(l-a)' 


Therefore, to establish (|9.7p we only need to check that, 


Sa < (1 


a(iV + l)) 



2 — a 
N(l-a) 


'1 + 


(9.9) 


(9.10) 
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In other words, we must show that the following inequality: 


^ (jil-aiN+lW + r^ - (1 - a{N + 1))^ < 1 + (S-H) 

is satisfied for any a E ^0, 77^^ • 

But this is established easily once we observe that (19.lip can be written equivalently as 
follows: 

^(y(l-a(iV + l))2 + ^-l) <^l + _L^-l (9.12) 

and for a ^ (o> iV+l) and > 1, we see that the left hand side of (I9.12p is negative while 
the right hand side is positive. □ 

Remark 9.1. On the basis of Calculus Lemma 1, we check that for Pjg > ^ is satisfied if 
and only if (Ib.d.ip holds, and it implies that, j3 > 2{N + 1) + {1 — a{N + 1))^ + as 

claimed in Theorem 
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